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ÇÀÄÀ×À ÄÈÐÈÕËÅ ÄËß ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß
Â ÑËÓ×ÀÅ ÄÂÓÕ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÕ ÏÅÐÅÌÅÍÍÛÕ

Ðàññìîòðèì óðàâíåíèå
∂u

∂t
= µ

(
∂2u

∂x2
1

+
∂2u

∂x2
2

)
+ f (1)

â îáëàñòè Q = [0, T ]× Ω, ãäå Ω = [0, X1]× [0, X2].
Íà÷àëüíûå óñëîâèÿ

u|t=0 = u0(x1, x2). (2)

Êðàåâûå óñëîâèÿ
u|∂Ω = uγ(t, x1, x2). (3)

Ýòà çàäà÷à ÿâëÿåòñÿ ïðîñòåéøåé ìîäåëüíîé çàäà÷åé äëÿ ìíîãîìåðíûõ çàäà÷. Óñëîæ-
íåíèå ðåàëüíûõ çàäà÷ ïðîèñõîäèò ïî ñëåäóþùèì íàïðàâëåíèÿì.
1. Êîýôôèöèåíò òåïëîïðîâîäíîñòè çàâèñèò îò òî÷êè îáëàñòè Q è ðàçëè÷åí ïî ðàçíûì
íàïðàâëåíèÿì.
2. Çàìåíà îáëàñòè Ω ñ ïðÿìîóãîëüíèêà íà îáëàñòü áîëåå ñëîæíîé ôîðìû.
3. Âìåñòî îïåðàòîðà Ëàïëàñà â ïðàâîé ÷àñòè óðàâíåíèÿ ñòîèò ýëëèïòè÷åñêèé îïåðàòîð
îáùåãî òèïà.
4. Òðåáóåòñÿ ó÷èòûâàòü êîíâåêòèâíûé ïåðåíîñ (ìíîãîìåðíîå óðàâíåíèå Áþðãåðñà).
5. Óðàâíåíèå ñòàíîâèòñÿ íåëèíåéíûì âñëåäñòâèå çàâèñèìîñòè êîýôôèöèåíòà òåïëîïðî-
âîäíîñòè îò íåèçâåñòíîé ôóíêöèè, ïîÿâëåíèÿ íåëèíåéíîñòè â êîíâåêòèâíûõ ÷ëåíàõ è ò.ä.
6. Âìåñòî îäíîãî óðàâíåíèÿ òðåáóåòñÿ ðåøàòü ñèñòåìó óðàâíåíèé, ÷àñòî ñîñòàâëåííóþ èç
óðàâíåíèé ðàçíîãî òèïà.

Âîçìîæíû äðóãèå óñëîæíåíèÿ çàäà÷è (1)-(3).

Â ÷èñëåííûõ ìåòîäàõ äëÿ íåñòàöèîíàðíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè åñòü äâà
ïîäõîäà ê ïîñòðîåíèþ àëãîðèòìîâ: ÿâíûå è íåÿâíûå ñõåìû.

ßâíûå ìåòîäû õàðàêòåðèçóþòñÿ íàëè÷èåì îòíîñèòåëüíî ïðîñòûõ àëãîðèòìîâ ïîèñêà
ïðèáëèæåííîãî ðåøåíèÿ ïî ÿâíûì ôîðìóëàì, íî âñå îíè îáëàäàþò çàâèñèìîñòüþ âðåìåí-
íîãî øàãà îò øàãà äèñêðåòèçàöèè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Ýòà çàâèñèìîñòü
ìîæåò ïðèâîäèòü ê òîìó, ÷òî ðàñ÷åò ïî ÿâíûì ñõåìàì ñòàíîâèòñÿ íåâîçìîæíûì èç-çà
òðåáîâàíèÿ êîëîññàëüíîãî ïðîöåññîðíîãî âðåìåíè.

Íåÿâíûå ìåòîäû, åñëè è èìåþò îãðàíè÷åíèÿ íà øàã τ îò øàãà h, òî ñóùåñòâåííî
áîëåå ñëàáûå. Ïëàòà çà óâåëè÷åíèå øàãà ïî âðåìåíè ïðèâîäèò ê íåîáõîäèìîñòè ðåøåíèÿ
íà êàæäîì âðåìåííîì ñëîå ÑËÀÓ.
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ÍÅßÂÍÀß ÑÕÅÌÀ

vt = µ(v̂x1x̄1 + v̂x2x̄2) + f̂ ; (4)

v0
m1,m2

= u0(m1h1,m2h2), 0 ≤ mk ≤Mk, k = 1, 2; (5)

vnm1,m2
= uγ(nτ,m1h1,m2h2), ïðè (m1h1,m2h2) ∈ ∂Ω. (6)

Ðåøåíèå v ðàçíîñòíîé ñõåìû (4)-(6) íà êàæäîì âðåìåííîì ñëîå èùåòñÿ â âèäå ðåøåíèÿ
ÑËÀÓ

Av̂ = d

ðàçìåðíîñòè M = (M1 − 1)(M2 − 1).
Îïèøåì ñòðóêòóðó ìàòðèöû ýòîé ñèñòåìû â ñëó÷àå h1 = h2 = h. Óïîðÿäî÷èì êîìïî-

íåíòû âåêòîðà íåèçâåñòíûõ v̂ �åñòåñòâåííûì îáðàçîì�:

v̂ = (v̂11, v̂21, . . . , v̂M1−1,1, v̂12, . . . , vM1−1,M2−1)T .

Òîãäà ìàòðèöà A èìååò áëî÷íî-äèàãîíàëüíóþ ôîðìó

A =



A11 A12 0 . . . 0 0 0
A21 A22 A23 . . . 0 0 0
. . . . . . . . .
. . . . . . . . .
0 0 0 . . . AM1−1,M2−3 AM1−2,M2−2 AM1−2,M2−1

0 0 0 . . . 0 AM1−1,M2−2 AM1−1,M2−1


,

ãäå ìàòðèöû Aij ðàçìåðà (M1 − 1) íà (M1 − 1) èìåþò âèä

Aii = E +
µτ

h2


4 −1 0 . . . 0 0
−1 4 −1 . . . 0 0
. . . . . . . .
0 0 0 . . . 4 −1
0 0 0 . . . −1 4

 ,

Aii±1 = −µτ
h2
E.
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ÑÏÎÑÎÁÛ ÐÅØÅÍÈß ÑËÀÓ ÍÅßÂÍÛÕ ÑÕÅÌ

Ìàòðèöû ÑËÀÓ íåÿâíûõ ñõåì ÿâëÿþòñÿ ñèëüíî ðàçðåæåííûìè, ò.å. èìåþò îòëè÷íû-
ìè îò íóëÿ ýëåìåíòû âñåãî íåñêîëüêèõ äèàãîíàëåé. Òðóäíîñòü ðåøåíèÿ ñèñòåì ñ òàêèìè
ìàòðèöàìè ñîñòîèò â òîì, ÷òî ïðè ëþáîé íóìåðàöèè íåèçâåñòíûõ øèðèíà ëåíòû s òàêèõ
ìàòðèö â ëó÷øåì ñëó÷àå ïîðÿäêà ÷èñëà íåèçâåñòíûõ ïî îäíîìó èç íàïðàâëåíèé. Îáñóäèì
èçâåñòíûå ïîäõîäû ê ðåøåíèþ ÑËÀÓ ñ òàêèìè ìàòðèöàìè.

1. Ñàìûé �ëîáîâîé� ñïîñîá ñîñòîèò â ïðèìåíåíèè ìåòîäà Ãàóññà, âðàùåíèé èëè îòðàæå-
íèé ñ ó÷åòîì øèðèíû ëåíòû s. Ïîðÿäîê îïåðàöèé â ýòîì ñëó÷àå O(Ms2).

2. Îäèí èç âîçìîæíûõ ñïîñîáîâ ðåøåíèÿ ñèñòåì ñ áëî÷íî-òðåõäèàãîíàëüíûìè ìàòðè-
öàìè ÿâëÿåòñÿ ìåòîä ìàòðè÷íîé ïðîãîíêè. Íàïðèìåð, â ñëó÷àå ÑËÀÓ íåÿâíîé ñõåìû
äëÿ äâóìåðíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ìåòîä ìàòðè÷íîé ïðîãîíêè òàêæå òðåáóåò
O(Ms2) äåéñòâèé.

3. Äëÿ ïðÿìîóãîëüíûõ îáëàñòåé â ñëó÷àå ïàðàáîëè÷åñêîãî óðàâíåíèÿ ïðèìåíÿåòñÿ ïðÿ-
ìîé ìåòîä ðåøåíèÿ ÑËÀÓ, îñíîâàííûé íà èñïîëüçîâàíèè äèñêðåòíîãî ïðåîáðàçîâàíèÿ
Ôóðüå. Îñîáåííî ýôôåêòèâåí ýòîò ìåòîä ïðè èñïîëüçîâàíèè àëãîðèòìà áûñòðîãî äèñ-
êðåòíîãî ïðåîáðàçîâàíèÿ Ôóðüå. Â ýòîì ñëó÷àå ÷èñëî òðåáóåìûõ àðèôìåòè÷åñêèõ îïå-
ðàöèé ðàâíî O(M1M2log2M1), ãäå M1 è M2 ÷èñëî òî÷åê ïî ïðîñòðàíñòâåííûì îñÿì.

4. Â ñèëó òîãî, ÷òî ðåøåíèå íà ïðåäûäóùåì âðåìåííîì ñëîå ÿâëÿåòñÿ õîðîøèì ïðèáëè-
æåíèåì äëÿ ðåøåíèÿ íà ñëåäóþùåì ñëîå, øèðîêî ïðèìåíÿþòñÿ èòåðàöèîííûå ìåòîäû
ðåøåíèÿ ÑËÀÓ. Äëÿ ñèììåòðè÷íûõ ìàòðèö ëó÷øèì ìåòîäîì ÿâëÿåòñÿ ìåòîä ñîïðÿæåí-
íûõ ãðàäèåíòîâ (conjugate gradient method � CG), à äëÿ ïðîèçâîëüíûõ ìàòðèö � áèñî-
ïðÿæåííûõ ãðàäèåíòîâ (BiCG).
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BiCG

Äëÿ ðåàëèçàöèè BiCG òðåáóåòñÿ óìíîæàòü âåêòîðà êàê íà ìàòðèöó A, òàê è íà ìàòðè-
öó A∗, ÷òî î÷åíü çàòðàòíî, åñëè ìàòðèöà ñèëüíî ðàçðåæåíà è õðàíèòñÿ â âèäå íåñêîëüêèõ
âåêòîðîâ. Ñ öåëüþ óñòðàíåíèÿ îòìå÷åííîãî íåäîñòàòêà BiCG áûëè ñîçäàíû åãî ìîäèôè-
êàöèè, ðåàëèçàöèÿ êîòîðûõ íå òðåáóåò óìíîæåíèÿ íà ñîïðÿæåííóþ ìàòðèöó. Îïèøåì
àëãîðèòìû äâóõ òàêèõ ìåòîäîâ.

Conjugate Gradient Squared Method (CGS)

1. Çàäàåòñÿ íà÷àëüíîå ïðèáëèæåíèå äëÿ âåêòîðà íåèçâåñòíûõ d0 è ïðîèçâîëüíûé âåê-
òîð za 6= 0. Âû÷èñëÿåòñÿ íåâÿçêà r0 = b−Ad0 è ïîëàãàåòñÿ p0 = u0 = r0.

2. Äàëåå îðãàíèçîâûâàåòñÿ èòåðàöèîííûé ïðîöåññ äëÿ j = 0, 1, . . ., ñîñòîÿùèé èç ïî-
ñëåäîâàòåëüíîñòè äåéñòâèé:

2.1 αj := (rj , z
a)/(Apj , z

a),
2.2 qj := uj − αjApj ,
2.3 dj+1 := dj + αj(uj + qj),
2.4 rj+1 := rj − αjA(uj + qj),
2.5 βj := (rj+1, z

a)/(rj , z
a),

2.6 uj+1 := rj+1 + βjqj ,
2.7 pj+1 := uj+1 + βj(qj + βjpj).

Biconjugate Stabilized Method (BiCGSTAB)

1. Çàäàåòñÿ íà÷àëüíîå ïðèáëèæåíèå äëÿ âåêòîðà íåèçâåñòíûõ d0 è ïðîèçâîëüíûé âåê-
òîð za 6= 0. Âû÷èñëÿåòñÿ íåâÿçêà r0 = b−Ad0 è ïîëàãàåòñÿ p0 = r0.

2. Äàëåå îðãàíèçîâûâàåòñÿ èòåðàöèîííûé ïðîöåññ äëÿ j = 0, 1, . . ., ñîñòîÿùèé èç ïî-
ñëåäîâàòåëüíîñòè äåéñòâèé:

2.1 αj := (rj , z
a)/(Apj , z

a),
2.2 sj := rj − αjApj ,
2.3 wj := (Asj , sj)/(Asj , Asj),
2.4 dj+1 := dj + αjpj + wjsj ,
2.5 rj+1 := sj − wjAsj ,
2.6 βj := (rj+1, z

a)/(rj , z
a) · αj/wj ,

2.7 pj+1 := rj+1 + βj(pj − wjApj).
Ïðè ðåøåíèè íåñòàöèîíàðíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè íà÷àëüíîå ïðèáëèæåíèå

d0 áåðåòñÿ ðàâíûì ðåøåíèþ íà ïðåäûäóùåì âðåìåííîì ñëîå. Âåêòîð za îáû÷íî âûáè-
ðàþò ëèáî åäèíè÷íûì îðòîì ïî îäíîé èç îñåé êîîðäèíàò, ëèáî âåêòîðîì, ó êîòîðîãî âñå
êîîðäèíàòû ðàâíû, à åâêëèäîâà íîðìà ðàâíà 1.

Èòåðàöèîííûé ïðîöåññ çàêàí÷èâàåòñÿ, êîãäà íîðìà íåâÿçêè óìåíüøèòñÿ â çàäàííîå
÷èñëî ðàç.
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ÝÊÎÍÎÌÈ×ÍÛÅ ÌÅÒÎÄÛ

Ðàçíîñòíóþ ñõåìó, àïïðîêñèìèðóþùóþ çàäà÷ó ñî âðåìåíåì, íàçûâàþò ýêîíîìè÷-
íîé, åñëè îíà áåçóñëîâíî óñòîé÷èâà è ïðè ïåðåõîäå îò ñëîÿ ê ñëîþ òðåáóåòñÿ êîëè÷åñòâî
àðèôìåòè÷åñêèõ îïåðàöèé, ïðîïîðöèîíàëüíîå ÷èñëó óçëîâ íà ñëîå. Èíîãäà óñëîâèå áåç-
óñëîâíîé óñòîé÷èâîñòè â îïðåäåëåíèè ýêîíîìè÷íîé ñõåìû îòñóòñòâóåò.

Èç îïðåäåëåíèÿ ñëåäóåò, ÷òî ÷èñòî íåÿâíàÿ ñõåìà äëÿ îäíîìåðíîãî óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè ÿâëÿåòñÿ ýêîíîìè÷íîé, ïîñêîëüêó ðåøåíèå ïîëó÷àþùèõñÿ ÑËÀÓ ñ òðåõ-
äèàãîíàëüíûìè ìàòðèöàìè òðåáóåò ïîðÿäêà 8N àðèôìåòè÷åñêèõ îïåðàöèé, ãäå N - ÷èñëî
èñïîëüçóåìûõ óçëîâ.

Ñàìàÿ ðàñïðîñòðàíåííàÿ èäåÿ ïîñòðîåíèÿ ýêîíîìè÷íûõ ðàçíîñòíûõ ñõåì ñîñòîèò â
çàïèñè ðàçíîñòíîãî îïåðàòîðà â òàêîì âèäå, ÷òî ïîèñê ðàçíîñòíîãî ðåøåíèÿ íà î÷åðåäíîì
âðåìåííîì ñëîå ñâîäèòñÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ îäíîìåðíûõ çàäà÷.

Ñïîñîáû ïîñòðîåíèÿ ýêîíîìè÷íûõ ðàçíîñòíûõ ñõåì

1. Ðàçíîñòíûå ñõåìû ñ ðàñùåïëÿþùèìèñÿ îïåðàòîðàìè.
2. Ìåòîä ïåðåìåííûõ íàïðàâëåíèé.
3. Ìåòîä äðîáíûõ øàãîâ (ñóììàðíîé àïïðîêñèìàöèè).
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ÈÄÅß ßÍÅÍÊÎ Í.Í.

Ðàññìîòðèì çàäà÷ó (1)-(3) â îáëàñòè Q = [0, T ] × Ω, ãäå Ω = [0, X1] × [0, X2]. Äëÿ åå
ïðèáëèæåííîãî ðåøåíèÿ Í.Í.ßíåíêî ïðåäëîæèë èñïîëüçîâàòü ðàçíîñòíóþ ñõåìó

(E − τµ∂x1∂x̄1)(E − τµ∂x2∂x̄2)v̂ = v + τ f̂ , (7)

ãäå
(E − τµ∂xk∂x̄k)v ≡ v − τµvxkx̄k .

Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (7) çàäàþòñÿ òàêæå êàê â íåÿâíîé ñõå-
ìå (4)-(6)

v0
m1,m2

= u0(m1h1,m2h2); (8)

vnm1,m2
= uγ(nτ,m1h1,m2h2), ïðè (m1h1,m2h2) ∈ ∂Ω. (9)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ íà âåðõíåì âðåìåííîì ñëîå òðåáóåòñÿ ïîñëåäîâàòåëüíî ðå-
øèòü äâå ÑËÀÓ

A1ṽ = (E − τµ∂x1∂x̄1)ṽ = v + τ f̂ ,

A2v̂ = (E − τµ∂x2∂x̄2)v̂ = ṽ.

Îïåðàòîðû, êîòîðûå ïîçâîëÿþò îòûñêàòü ðåøåíèå íà âåðíåì ñëîå â ðåçóëüòàòå ïîñëå-
äîâàòåëüíîãî ðåøåíèÿ äâóõ ñèñòåì (èëè òðåõ â òðåõìåðíîì ñëó÷àå), ïîëó÷èëè íàçâàíèå
ðàñùåïëÿþùèõñÿ, à ñàìè ñõåìû ñ òàêèìè îïåðàòîðàìè ñòàëè íàçûâàòü ñõåìàìè ñ ðàñ-
ùåïëÿþùèìèñÿ îïåðàòîðàìè.

Âàæíîé îñîáåííîñòüþ ìàòðèöû A1 ïåðâîé ñèñòåìû ÿâëÿåòñÿ òî, ÷òî ïðè íóìåðàöèè
íåèçâåñòíûõ òàê, ÷òî â ïåðâóþ î÷åðåäü ìåíÿåòñÿ èíäåêñ ïî ïåðåìåííîé x1, à çàòåì óæå
ïî x2, ñèñòåìà ðàñïàäàåòñÿ íà M2 − 1 ïîäñèñòåì ñ òðåõäèàãîíàëüíûìè ìàòðèöàìè. Ðå-
øåíèÿìè ýòèõ ïîäñèñòåì ÿâëÿþòñÿ çíà÷åíèÿ ôóíêöèè ṽ ïðè ðàçëè÷íûõ m2.

Äëÿ ðåøåíèÿ âòîðîé ñèñòåìû íåèçâåñòíûå ñëåäóåò íóìåðîâàòü óæå íàîáîðîò: â ïåðâóþ
î÷åðåäü ìåíÿåòñÿ èíäåêñ ïî ïåðåìåííîé x2, à çàòåì óæå ïî x1. Â ýòîì ñëó÷àå ñèñòåìà ñ
ìàòðèöåé A2 òàêæå ðàñïàäàåòñÿ íà M1 − 1 ïîäñèñòåì ñ òðåõäèàãîíàëüíûìè ìàòðèöàìè.
Ðåøåíèÿìè ýòèõ ïîäñèñòåì ÿâëÿþòñÿ çíà÷åíèÿ ôóíêöèè v̂ ïðè ðàçëè÷íûõ m1.

Òàêèì îáðàçîì, ðåøåíèå v̂ ìîæíî íàéòè ñ ïîìîùüþ ìåòîäà ïðîãîíêè çà

÷èñëî äåéñòâèé ïðîïîðöèîíàëüíîå ÷èñëó íåèçâåñòíûõ.

ÇÀÌÅ×ÀÍÈÅ. Â êà÷åñòâå ãðàíè÷íûõ óñëîâèé äëÿ ôóíêöèè ṽ ïðè çàïèñè ïåðâîé
ñèñòåìû ñëåäóåò áðàòü çíà÷åíèÿ

ṽ0,m2 =
(
uγ + τµvγx2x̄2

)
0,m2

,

ṽM1,m2 =
(
uγ + τµvγx2x̄2

)
M1,m2

.
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ÓÐÀÂÍÅÍÈÅ ÄËß ÎØÈÁÊÈ

Óðàâíåíèå (7) ïåðåïèñûâàåòñÿ ïîñëå ðàñêðûòèÿ ñêîáîê â âèäå

v̂ − τµv̂x1x̄1 − τµv̂x2x̄2 + τ2µ2v̂x2x̄2x1x̄1 = v + τ f̂ .

Ïîñëå ïåðåãðóïïèðîâêè ñëàãàåìûõ è äåëåíèÿ íà τ ïîëó÷àåì

vt + τµ2v̂x2x̄2x1x̄1 = µv̂x1x̄1 + µv̂x2x̄2 + f̂ . (10)

Òî÷íîå ðåøåíèå u çàäà÷è (1)-(3) óäîâëåòâîðÿåò óðàâíåíèþ (10) ñ íåâÿçêîé ϕ

ϕ = −ut − τµ2ûx2x̄2x1x̄1 + µûx1x̄1 + µûx2x̄2 + f̂ .

Åñëè ê ñòàíäàðòíûì òðåáîâàíèÿì àïïðîêñèìàöèè: îãðàíè÷åííîñòè ÷àñòíûõ ïðîèçâîäíûõ
ôóíêöèè u

∂3u

∂t3
,

∂4u

∂x4
1

,
∂4u

∂x4
2

,

äîáàâèòü îãðàíè÷åííîñòü ñìåøàííîé ÷àñòíîé ïðîèçâîäíîé

∂4u

∂x2
1∂x

2
2

,

òî âåëè÷èíû ϕ âî âñåõ âíóòðåííèõ óçëàõ ñåòêè áóäóò ïîðÿäêà O(τ + h2).
Ââåäåì ôóíêöèþ w = v − u � ðàçíîñòü ìåæäó ðàçíîñòíûì ðåøåíèåì è ïðîåêöèåé

íà ñåòêó òî÷íîãî ðåøåíèÿ çàäà÷è (1)-(3). Ýòà ôóíêöèÿ ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé
çàäà÷è

wt + τµ2ŵx2x̄2x1x̄1 = µŵx1x̄1 + µŵx2x̄2 + ϕ. (11)

Ó÷èòûâàÿ, ÷òî ïðè îòñóòñòâèè îêðóãëåíèé íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ (8)-(9) âû-
ïîëíÿþòñÿ òî÷íî, ïîëó÷àåì íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (11)

w0 = 0, w|γh = 0. (12)
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ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ Â L2,h

Äîìíîæàÿ ñêàëÿðíî óðàâíåíèå äëÿ îøèáêè (11) íà ŵ, ïîëó÷àåì

(ŵ, wt) + τµ2(ŵ, ŵx2x̄2x1x̄1) = µ(ŵ, ŵx1x̄1) + µ(ŵ, ŵx2x̄2) + (ŵ, ϕ). (13)

�Ñóììèðóÿ ïî ÷àñòÿì� ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé, êàê è â îäíîìåðíîì ñëó÷àå ïðèõîäèì
ê íåðàâåíñòâó

‖ŵ‖2 + 2τ2µ2|[ŵx2x1‖2 + 2τµ|[ŵx1‖2 + 2τµ|[ŵx2‖2 ≤ ‖w‖2 + 2τ(ŵ, ϕ). (14)

Èç ïîñëåäíåãî íåðàâåíñòâà, ìîæíî ïîëó÷èòü äâå îöåíêè ïîãðåøíîñòè.

ÒÅÎÐÅÌÀ 1.

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

(|[wkx1‖2 + |[wkx2‖2) ≤

√√√√τ 1

4µ

N∑
n=1

(|[Φ1‖2 + |[Φ2‖2), (15)

ãäå Φkx̄k = ϕ.

ÒÅÎÐÅÌÀ 2.

max
n=1,...,N

√√√√‖wn‖2 + 2τµ
n∑
k=1

(|[wkx1‖2 + |[wkx2‖2) ≤ eT

√√√√τ N∑
n=1

‖ϕ‖2. (16)

Çàìåòèì, ÷òî îöåíêà èç ïåðâîé òåîðåìû íåðàâíîìåðíà ïî µ, à èç âòîðîé � ïî T .
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ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ Â W 1
2,h

Äîìíîæàÿ ñêàëÿðíî óðàâíåíèå äëÿ îøèáêè (11) íà ŵx1x̄1 + ŵx2x̄2 , ïîëó÷àåì

(ŵx1x̄1 + ŵx2x̄2 , wt) + τµ2(ŵx1x̄1 + ŵx2x̄2 , ŵx2x̄2x1x̄1) =
= µ(ŵx1x̄1 + ŵx2x̄2 , ŵx1x̄1) + µ(ŵx1x̄1 + ŵx2x̄2 , ŵx2x̄2) + (ŵx1x̄1 + ŵx2x̄2 , ϕ).

(17)

�Ñóììèðóÿ ïî ÷àñòÿì� ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé, êàê è â îäíîìåðíîì ñëó÷àå ïðèõîäèì
ê íåðàâåíñòâó

|ŵ|21 + 2τ2µ2(|[ŵx2x1x̄1‖2 + |[ŵx2x1x̄1‖2) + 2τµ(‖ŵx1x̄1‖2 + 2|[ŵx1x̄2‖2 + ‖ŵx2x̄2‖2) ≤
≤ |w|21 + 2τ(ŵx1x̄1 + ŵx2x̄2 , ϕ).

(18)
Èç ïîñëåäíåãî íåðàâåíñòâà, ìîæíî ïîëó÷èòü äâå îöåíêè ïîãðåøíîñòè.

ÒÅÎÐÅÌÀ 1.

max
n=1,...,N

√√√√|wn|21 + τµ
n∑
k=1

(‖wkx1x̄1‖2 + 4|[wkx1x̄2‖2 + ‖wkx2x̄2‖2) ≤

√√√√τ 2

µ

N∑
n=1

‖ϕ‖2. (19)

ÒÅÎÐÅÌÀ 2.

max
n=1,...,N

√√√√|wn|21 + 2τµ
n∑
k=1

(‖wkx1x̄1‖2 + 2|[wkx1x̄2‖2 + ‖wkx2x̄2‖2) ≤ eT

√√√√τ N∑
n=1

(‖ϕx1‖2 + ‖ϕx2‖2).

(20)
Çàìåòèì, ÷òî îöåíêà èç ïåðâîé òåîðåìû íåðàâíîìåðíà ïî µ, à èç âòîðîé � ïî T .
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ÌÅÒÎÄ ÏÅÐÅÌÅÍÍÛÕ ÍÀÏÐÀÂËÅÍÈÉ

Áëèçêèì ïî ñòðóêòóðå ñõåìàì ñ ðàñùåïëÿþùèìñÿ îïåðàòîðîì ÿâëÿåòñÿ ìåòîä ïåðå-
ìåííûõ íàïðàâëåíèé. Îïèøåì åãî íà ïðèìåðå çàäà÷è (1)-(3). Ñóòü ýòîãî ìåòîäà çàêëþ-
÷àåòñÿ â ïåðåõîäå îò v ê v̂ ïî ôîðìóëàì

vn+1/2 − vn

2τ
= µv

n+1/2
x1x̄1 + µvx2x̄2 + f1,

v̂ − vn+1/2

2τ
= µv

n+1/2
x1x̄1 + µv̂x2x̄2 + f2,

ãäå f = f1 + f2.
Çäåñü ââåäåí ïðîìåæóòî÷íûé âåêòîð íåèçâåñòíûõ vn+1/2. Ïåðâîå óðàâíåíèå ðåøàåòñÿ

ïðèìåíåíèåì ïðîãîíêè ïî îñè x1, à âòîðîå � ïðèìåíåíèåì ïðîãîíêè ïî îñè x2.
Âàæíûì ïðåèìóùåñòâîì ìåòîäà ïåðåìåííûõ íàïðàâëåíèé ïåðåä ñõåìàìè

ñ ðàñùåïëÿþùèìèñÿ îïåðàòîðàìè ÿâëÿåòñÿ èõ ïðèìåíèìîñòü ê îáëàñòÿì ñ

êðèâîëèíåéíûìè ãðàíèöàìè.
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ÌÅÒÎÄ ÑÓÌÌÀÐÍÎÉ ÀÏÏÐÎÊÑÈÌÀÖÈÈ

Îïèøåì ìåòîä ñóììàðíîé àïïðîêñèìàöèè íà ïðèìåðå çàäà÷è (1)-(3). Ïåðåõîä îò n-ãî
ñëîÿ ê n+ 1-ìó îñóùåñòâëÿåòñÿ ïî ôîðìóëàì

P1v ≡
vn+1/2 − vn

2τ
− µv

n+1/2
x1x̄1 − f

n+1/2
1 = 0, (21)

P2v ≡
v̂ − vn+1/2

2τ
− µv̂x2x̄2 − fn+1

2 = 0, (22)

ãäå f = f1+f2. Òàêèì îáðàçîì, àëãîðèòì çàêëþ÷àåòñÿ â ïîñëåäîâàòåëüíîì ðåøåíèè óðàâ-
íåíèé (21), (22). Ïðè ýòîì âû÷èñëåííîå çíà÷åíèå ôóíêöèè ÿâëÿåòñÿ íà÷àëüíûì óñëîâèåì
äëÿ ñëåäóþùåãî óðàâíåíèÿ.

ßñíî, ÷òî êàæäîå èç óðàâíåíèé (21), (22) íå àïïðîêñèìèðóåò èñõîäíóþ çàäà÷ó. Íàéäåì
ïîãðåøíîñòü àïïðîêñèìàöèè. Èìååì

P1u =
1

2

∂u

∂t
− µ

∂2u

∂x2
1

− f1 + O(h2 + τ),

P1u −
[
∂u

∂t
− µ

∂2u

∂x2
1

− µ
∂2u

∂x2
2

− f
]

= −1

2

∂u

∂t
+ µ

∂2u

∂x2
2

+ f2 + O(h2 + τ) ≡ ψ1.

Àíàëîãè÷íî,

P2u =
1

2

∂u

∂t
− µ

∂2u

∂x2
2

− f2 + O(h2 + τ),

P2u −
[
∂u

∂t
− µ

∂2u

∂x2
1

− µ
∂2u

∂x2
2

− f
]

= −1

2

∂u

∂t
+ µ

∂2u

∂x2
2

+ f1 + O(h2 + τ) ≡ ψ2.

Â îáùåì ñëó÷àå ψk = O(1), ïîýòîìó óðàâíåíèÿ (21), (22) àïïðîêñèìèðóþò óðàâíåíèå (1)
ñ ïîðÿäêîì O(1). Îäíàêî

ψ1 + ψ2 = O(h2 + τ).

Â ýòîì ñëó÷àå ãîâîðÿò, ÷òî ñõåìà (21), (22) àïïðîêñèìèðóåò èñõîäíóþ çàäà÷ó ñ ñóì-

ìàðíîì ñìûñëå, ò.å. õîòÿ êàæäîå èç óðàâíåíèé (21), (22) íå àïïðîêñèìèðóåò èñõîäíóþ
çàäà÷ó, ñóììà ïîãðåøíîñòåé àïïðîêñèìàöèé ýòèõ óðàâíåíèé ðàâíà O(h2 + τ).

ÒÅÎÐÅÌÀ Ñõåìà (21), (22) óñòîé÷èâà â ñåòî÷íîé íîðìå Ch è ïðè äîñòàòî÷íî ãëàäêîì
ðåøåíèè

‖v − u‖Ch
≤ C1(h2 + τ),

ãäå C1 íå çàâèñèò îò h è τ .
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ÎÁÎÁÙÅÍÈÅ ÌÅÒÎÄÀ ÑÓÌÌÀÐÍÎÉ ÀÏÏÐÎÊÑÈÌÀÖÈÈ

Ìåòîä ñóììàðíîé àïïðîêñèìàöèè ïðèìåíÿþò íå òîëüêî â ëèíåéíûõ çàäà÷àõ, íî è â
íåëèíåéíûõ.

Â îáùåì ñëó÷àå äëÿ óðàâíåíèÿ

∂u

∂t
= P 1(u) + . . . + P k(u), (23)

ãäå îïåðàòîðû P i(u), âîîáùå ãîâîðÿ, íåëèíåéíûå è íå îáÿçàòåëüíî îäíîìåðíûå, ñõåìà
ìåòîäà ñóììàðíîé àïïðîêñèìàöèè (äðîáíûõ øàãîâ) çàêëþ÷àåòñÿ â ñëåäóþùåì. Ðåøåíèå
íà øàãå óðàâíåíèÿ (23) çàìåíÿåòñÿ ïîñëåäîâàòåëüíûì ðåøåíèåì íà øàãå óðàâíåíèé

1

k

∂ui
∂t

= P i(u), i = 1, . . . , k.

Ïðè ýòîì â êà÷åñòâå íà÷àëüíîãî óñëîâèÿ íà øàãå äëÿ êàæäîãî èç óðàâíåíèé áåðåòñÿ
çíà÷åíèå, âû÷èñëåííîå èç ïðåäûäóùåãî óðàâíåíèÿ.

Ìåòîä ñóììàðíîé àïïðîêñèìàöèè ïðèìåíèì â îáëàñòÿõ äîñòàòî÷íî ïðîèçâîëüíîé
ôîðìû.
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ËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÁÞÐÃÅÐÑÀ
Â ÑËÓ×ÀÅ ÄÂÓÕ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÕ ÏÅÐÅÌÅÍÍÛÕ

Ðàññìîòðèì óðàâíåíèå

∂u

∂t
+ a1

∂u

∂x1
+ a2

∂u

∂x2
= µ

(
∂2u

∂x2
1

+
∂2u

∂x2
2

)
+ f (24)

â îáëàñòè Q = [0, T ]× Ω, ãäå Ω = [0, X1]× [0, X2].
Íà÷àëüíûå óñëîâèÿ

u|t=0 = u0(x1, x2). (25)

Êðàåâûå óñëîâèÿ
u|∂Ω = uγ(t, x1, x2). (26)

Êîýôôèöèåíòû a1 è a2, çàäàþùèå ñêîðîñòü êîíâåêòèâíîãî ïåðåíîñà, áóäåì ñ÷èòàòü
èçâåñòíûìè ãëàäêèìè ôóíêöèÿìè îò íåçàâèñèìûõ ïåðåìåííûõ è ïðèíèìàþùèìè íóëå-
âûå çíà÷åíèÿ íà ãðàíèöå îáëàñòè Ω.

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû ñ ðàñùåïëÿþùèìñÿ îïåðàòîðîì ïåðåïèøåì óðàâ-
íåíèå (24) â âèäå

∂u

∂t
+

1

2

(
a1
∂u

∂x1
+
∂a1u

∂x1

)
+

1

2

(
a2
∂u

∂x2
+
∂a2u

∂x2

)
− u

2

(
∂a1

∂x1
+
∂a2

∂x2

)
= µ

(
∂2u

∂x2
1

+
∂2u

∂x2
2

)
+ f.

(27)
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ÑÕÅÌÀ Ñ ÐÀÑÙÅÏËßÞÙÈÌÑß ÎÏÅÐÀÒÎÐÎÌ

Äëÿ çàäà÷è (24)-(26) ðàññìîòðèì ðàçíîñòíóþ ñõåìó ñ ðàñùåïëÿþùèìñÿ îïåðàòîðîì(
E +

τ

2

(
a1∂0

x1
+ ∂0

x1
a1

)
− τµ∂x1∂x̄1

)(
E +

τ

2

(
a2∂0

x2
+ ∂0

x2
a2

)
− τµ∂x2∂x̄2

)
v̂ =

= v + τv

(
((a1)0

x1
+ (a2)0

x2

)
+ τ f̂ ,

(28)

v0 = u0, vn|γh = 0. (29)

Äëÿ ïîëó÷åíèÿ îöåíêè ïîãðåøíîñòè ÷èñëåííîãî èíòåãðèðîâàíèÿ óðàâíåíèå (28) çà-
ïèøåì â âèäå

vt +
1

2

(
a1v̂0

x1
+ (a1v̂)0

x1
+ a2v̂0

x2
+ (a2v̂)0

x2

)
+

+
τ

4

(
a1

(
a2v̂0

x2

)
0
x1

+

(
a1a2v̂0

x2

)
0
x1

+ a1 (a2v̂)0
x2

0
x1

+

(
a1 (a2v̂)0

x2

)
0
x1

)
−

− τµ

2

(
a1v̂

x2x̄2
0
x1

+ (a1v̂x2x̄2)0
x1

+ (a2v̂0
x2

)x1x̄1 + (a2v̂)0
x2x1x̄1

)
+

+ τµ2v̂x2x̄2x1x̄1 = µv̂x1x̄1 + µv̂x2x̄2 + v

(
((a1)0

x1
+ (a2)0

x2

)
+ f̂ .

(30)

Ââåäåì ôóíêöèþ îøèáêè w = v − u. Îíà ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è

wt +
1

2

(
a1ŵ0

x1
+ (a1ŵ)0

x1
+ a2ŵ0

x2
+ (a2ŵ)0

x2

)
+

+
τ

4

(
a1

(
a2ŵ0

x2

)
0
x1

+

(
a1a2ŵ0

x2

)
0
x1

+ a1 (a2ŵ)0
x2

0
x1

+

(
a1 (a2ŵ)0

x2

)
0
x1

)
−

− τµ

2

(
a1ŵ

x2x̄2
0
x1

+ (a1ŵx2x̄2)0
x1

+ (a2ŵ0
x2

)x1x̄1 + (a2ŵ)0
x2x1x̄1

)
+

+ τµ2ŵx2x̄2x1x̄1 = µŵx1x̄1 + µŵx2x̄2 + w

(
((a1)0

x1
+ (a2)0

x2

)
+ ϕ.

(31)

w0 = 0, wn|γh = 0. (32)

Âûøå ÷åðåç ϕ áûëà îáîçíà÷åíà íåâÿçêà, ñ êîòîðîé òî÷íîå ðåøåíèå äèôôåðåíöèàëüíîé
çàäà÷è u óäîâëåòâîðÿåò óðàâíåíèÿì ðàçíîñòíîé ñõåìû

ϕ = −ut −
1

2

(
a1û0

x1
+ (a1û)0

x1
− a2û0

x2
− (a2û)0

x2

)
−

− τ

4

(
a1

(
a2û0

x2

)
0
x1

+

(
a1a2û0

x2

)
0
x1

+ a1 (a2û)0
x2

0
x1

+

(
a1 (a2û)0

x2

)
0
x1

)
+

+
τµ

2

(
a1û

x2x̄2
0
x1

+ (a1ûx2x̄2)0
x1

+ (a2û0
x2

)x1x̄1 + (a2û)0
x2x1x̄1

)
−

− τµ2ûx2x̄2x1x̄1 + µûx1x̄1 + µûx2x̄2 + u

(
((a1)0

x1
+ (a2)0

x2

)
+ f̂ .

Çàìåòèì, ÷òî ïðè óñëîâèè äîñòàòî÷íîé ãëàäêîñòè òî÷íîãî ðåøåíèÿ äèôôåðåíöèàëü-
íîé çàäà÷è u è êîýôôèöèåíòîâ a1 è a2 ôóíêöèÿ íåâÿçêè ϕ èìååò çíà÷åíèÿ ïîðÿäêà τ+h2.
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ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ Â L2,h

Äëÿ ïîëó÷åíèÿ îöåíêè â íîðìå L2,h äîìíîæèì ñêàëÿðíî óðàâíåíèå (31) íà ŵ

(ŵ, wt) +
1

2
(ŵ, a1ŵ0

x1
+ (a1ŵ)0

x1
+ a2ŵ0

x2
+ (a2ŵ)0

x2
) +

+
τ

4

((
ŵ, a1

(
a2ŵ0

x2

)
0
x1

)
+

(
ŵ,

(
a1a2ŵ0

x2

)
0
x1

)
+

(
ŵ, a1 (a2ŵ)0

x2
0
x1

)
+

(
ŵ,

(
a1 (a2ŵ)0

x2

)
0
x1

))
−

− τµ

2
(ŵ, a1ŵ

x2x̄2
0
x1

+ (a1ŵx2x̄2)0
x1

+ (a2ŵ0
x2

)x1x̄1 + (a2ŵ)0
x2x1x̄1

) =

= −τµ2(ŵ, ŵx2x̄2x1x̄1) + µ(ŵ, ŵx1x̄1 + ŵx2x̄2) + (ŵ, w(((a1)0
x1

+ (a2)0
x2

)) + (ŵ, ϕ).

(33)
Ñëàãàåìûå èç ïåðâîé ñòðî÷êè òîæäåñòâà (33) îöåíèâàþòñÿ êàê è â îäíîìåðíîì ñëó÷àå

ñëåäóþùèì îáðàçîì

(ŵ, wt) +
1

2
(ŵ, a1ŵ0

x1
+ (a1ŵ)0

x1
+ a2ŵ0

x2
+ (a2ŵ)0

x2
) ≥

≥ 1

2τ
(‖ŵ‖2 − ‖w‖2).

(34)

Ñëàãàåìûå èç ïðàâîé ÷àñòè òîæäåñòâà (33), ñóììèðóÿ ïî ÷àñòÿì, îöåíèâàþòñÿ ñâåðõó
âûðàæåíèåì

−τµ2(ŵ, ŵx2x̄2x1x̄1) + µ(ŵ, ŵx1x̄1 + ŵx2x̄2) + (ŵ, w(((a1)0
x1

+ (a2)0
x2

)) + (ŵ, ϕ) ≤

≤ −τµ2|[ŵx2x1‖2 − µ|[ŵx1‖2 − µ|[ŵx2‖2 + C1‖ŵ‖2 + C2‖w‖2 +
1

2
‖ϕ‖2.

(35)

Äëÿ îñòàâøèõñÿ ñëàãàåìûõ òîæåñòâà (33) âåðíû íåðàâåíñòâà

τ

4

∣∣∣∣∣
(
ŵ, a1

(
a2ŵ0

x2

)
0
x1

)
+

(
ŵ,

(
a1a2ŵ0

x2

)
0
x1

)
+

(
ŵ, a1 (a2ŵ)0

x2
0
x1

)
+

(
ŵ,

(
a1 (a2ŵ)0

x2

)
0
x1

)∣∣∣∣∣ ≤
≤ τC3

(
‖ŵ‖12

)2
,

(36)

− τµ

2
(ŵ, a1ŵ

x2x̄2
0
x1

+ (a1ŵx2x̄2)0
x1

+ (a2ŵ0
x2

)x1x̄1 + (a2ŵ)0
x2x1x̄1

) ≤

≤ τ
C4

ε
(
(
|[ŵx1‖2 + |[ŵx2‖2

)
+ τε|[ŵx2x1‖2 .

(37)

Èñïîëüçóÿ íåðàâåíñòâà (34)-(37), èç òîæäåñòâà (33) ïîëó÷àåì íåðàâåíñòâî

‖ŵ‖2 − ‖w‖2 + 2τ2(µ2 − ε)|[ŵx2x1‖2 + 2τ

(
µ− τ

(
C3 +

C4

ε

))
(|[ŵx1‖2 + |[ŵx2‖2) ≤

≤ τC
(
‖ŵ‖2 + ‖w‖2

)
+ τ‖ϕ‖2.

(38)
Âûáðàâ ε = µ2 è íàëîæèâ îãðàíè÷åíèÿ íà øàã

τ ≤ µ

2

(
C3 +

C4

µ2

) ,
èç íåðàâåíñòâà (38) ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|wk|21 ≤ eT

√√√√τ N∑
n=1

‖ϕ‖2. (39)
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ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ Â W 1
2,h

Äëÿ ïîëó÷åíèÿ îöåíêè â íîðìå W 1
2,h äîìíîæèì ñêàëÿðíî óðàâíåíèå (31) íà ŵx1x̄1 +

ŵx2x̄2

(ŵx1x̄1 + ŵx2x̄2 , wt) +
1

2
(ŵx1x̄1 + ŵx2x̄2 , a1ŵ0

x1
+ (a1ŵ)0

x1
+ a2ŵ0

x2
+ (a2ŵ)0

x2
) +

+
τ

4

((
ŵx1x̄1 + ŵx2x̄2 , a1

(
a2ŵ0

x2

)
0
x1

)
+

(
ŵx1x̄1 + ŵx2x̄2 ,

(
a1a2ŵ0

x2

)
0
x1

)
+

+

(
ŵx1x̄1 + ŵx2x̄2 , a1 (a2ŵ)0

x2
0
x1

)
+

(
ŵx1x̄1 + ŵx2x̄2 ,

(
a1 (a2ŵ)0

x2

)
0
x1

))
−

− τµ

2
(ŵx1x̄1 + ŵx2x̄2 , a1ŵ

x2x̄2
0
x1

+ (a1ŵx2x̄2)0
x1

+ (a2ŵ0
x2

)x1x̄1 + (a2ŵ)0
x2x1x̄1

) =

= −τµ2(ŵx1x̄1 + ŵx2x̄2 , ŵx2x̄2x1x̄1) + µ(ŵx1x̄1 + ŵx2x̄2 , ŵx1x̄1 + ŵx2x̄2) +

+ (ŵx1x̄1 + ŵx2x̄2 , w(((a1)0
x1

+ (a2)0
x2

)) + (ŵx1x̄1 + ŵx2x̄2 , ϕ).

(40)

Ñëàãàåìûå èç ïåðâîé ñòðî÷êè òîæäåñòâà (40) îöåíèâàþòñÿ êàê è â îäíîìåðíîì ñëó÷àå
ñëåäóþùèì îáðàçîì

(ŵx1x̄1 + ŵx2x̄2 , wt) +
1

2
(ŵx1x̄1 + ŵx2x̄2 , a1ŵ0

x1
+ (a1ŵ)0

x1
+ a2ŵ0

x2
+ (a2ŵ)0

x2
) ≤

≤ − 1

2τ
(|ŵ|21 − |w|21) + C1(ε)

(
‖ŵ‖12

)2
+ ε(‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2).

(41)

Ñëàãàåìûå èç ïðàâîé ÷àñòè òîæäåñòâà (40) ïîñëå ñóììèðîâàíèÿ ïî ÷àñòÿì îöåíèâà-
þòñÿ ñâåðõó âûðàæåíèåì

−τµ2(ŵx1x̄1 + ŵx2x̄2 , ŵx2x̄2x1x̄1) + µ(ŵx1x̄1 + ŵx2x̄2 , ŵx1x̄1 + ŵx2x̄2) +

+ (ŵx1x̄1 + ŵx2x̄2 , w(((a1)0
x1

+ (a2)0
x2

)) + (ŵx1x̄1 + ŵx2x̄2 , ϕ) ≤

≤ τµ2
(
|[ŵx2x̄2x1‖2 + |[ŵx2x1x̄1‖2

)
+ µ

(
‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2 + 2|[ŵx1x2‖2

)
+

+ C2(ε)
(
‖w‖2 + ‖ϕ‖2

)
+ ε

(
‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2

)
.

(42)

Äëÿ îñòàâøèõñÿ ñëàãàåìûõ òîæåñòâà (40) âåðíû íåðàâåíñòâà

τ

4

∣∣∣∣∣
(
ŵx1x̄1 + ŵx2x̄2 , a1

(
a2ŵ0

x2

)
0
x1

)
+

(
ŵx1x̄1 + ŵx2x̄2 ,

(
a1a2ŵ0

x2

)
0
x1

)
+

+

(
ŵx1x̄1 + ŵx2x̄2 , a1 (a2ŵ)0

x2
0
x1

)
+

(
ŵx1x̄1 + ŵx2x̄2 ,

(
a1 (a2ŵ)0

x2

)
0
x1

)∣∣∣∣∣ ≤
C3

(
‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2 +

(
‖ŵ‖12

)2)
,

(43)

τµ

2
(ŵx1x̄1 + ŵx2x̄2 , a1ŵ

x2x̄2
0
x1

+ (a1ŵx2x̄2)0
x1

+ (a2ŵ0
x2

)x1x̄1 + (a2ŵ)0
x2x1x̄1

) ≤

≤ τ2C4(ε)
(
|[ŵx2x̄2x1‖2 + |[ŵx2x1x̄1‖2 + ‖ŵx2x̄2‖2 + |[ŵx1x2‖2 + (‖ŵ‖12)2

)
+

+ ε
(
‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2

)
.

(44)
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Èñïîëüçóÿ íåðàâåíñòâà (41)-(44), èç òîæäåñòâà (40) ïîëó÷àåì íåðàâåíñòâî

|ŵ|21 − |w|21 + 2τ(τµ2 − τ2C4(ε))
(
|[ŵx2x̄2x1‖2 + |[ŵx2x1x̄1‖2

)
+

+ 2τ(µ− 3ε− τ (C3 + τC4(ε))
(
‖ŵx1x̄1‖2 + ‖ŵx2x̄2‖2 + 2|[ŵx1x2‖2

)
≤

≤ τC
(
(‖ŵ‖12)2 + ‖w‖2 + ‖ϕ‖2

)
.

(45)

Ñëîæèâ íåðàâåíñòâà (38) è (45), âûáåðåì ε è îãðàíè÷åíèå íà øàã τ òàê, ÷òî

τµ2 − τ2C3(ε) ≥ 0 è µ− 3ε− τ (C3 + τC4(ε)) ≥ µ/2.

Èç ïîëó÷èâøåãîñÿ íåðàâåíñòâà ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà ïîëó÷àåì îöåíêó

max
n=1,...,N

√√√√(‖wn‖12)2 + τµ
n∑
k=1

|wk|22 ≤ eCT

√√√√τ N∑
n=1

‖ϕ‖2. (46)
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ÓÐÀÂÍÅÍÈÅ ÏÅÐÅÍÎÑÀ
Â ÑËÓ×ÀÅ ÄÂÓÕ ÏÐÎÑÒÐÀÍÑÒÂÅÍÍÛÕ ÏÅÐÅÌÅÍÍÛÕ

Ðàññìîòðèì óðàâíåíèå
∂u

∂t
+

∂a1u

∂x1
+

∂a2u

∂x2
= 0 (47)

â îáëàñòè Q = [0, T ]× Ω, ãäå Ω = [0, X1]× [0, X2].
Âåêòîð a = (a1, a2) áóäåì ñ÷èòàòü èçâåñòíîé ãëàäêîé âåêòîð-ôóíêöèåé îò ïåðåìåííûõ

(t,x), ïðèíèìàþùåé íóëåâûå çíà÷åíèÿ â òî÷êàõ ãðàíèöû

a|[0,T ]×∂Ω = 0. (48)

Íà÷àëüíûå óñëîâèÿ
u|t=0 = u0(x1, x2). (49)

Ïîñêîëüêó ïðè óñëîâèè (48), õàðàêòåðèñòèêè óðàâíåíèÿ (47) ÿâëÿþòñÿ âåðòèêàëüíûìè â
òî÷êàõ ãðàíèöû, òî êðàåâûå óñëîâèÿ äëÿ çàäà÷è (47), (49) ñòàâèòü íå íóæíî.

Äëÿ ïîñòðîåíèÿ ð.ñ. óðàâíåíèå (47) ïåðåïèøåì â âèäå

∂u

∂t
+

1

2

(
a1
∂u

∂x1
+

∂a1u

∂x1
+ a2

∂u

∂x2
+

∂a2u

∂x2

)
=

u

2

(
∂a1

∂x1
+

∂a2

∂x2

)
. (50)
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ÑÕÅÌÀ ÐÀÑÙÅÏËÅÍÈß

Äëÿ âû÷èñëåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (47), (49) ìîæíî èñïîëüçîâàòü ñõåìó
ñ ðàñùåïëÿþùèìñÿ îïåðàòîðîì(

E + τA1
1(âk) + λτ2A2

1(â)
)
×
(
E + τA1

2(âk) + λτ2A2
2(â)

)
v̂ = v + τd, (51)

ãäå λ � ïîëîæèòåëüíûé ÷èñëîâîé ïàðàìåòð (èñõîäÿ èç òåîðåòè÷åñêèõ îöåíîê λ ðåêîìåí-
äóåòñÿ áðàòü ðàâíûì 3).

Îïåðàòîðû A1
k(ak) àïïðîêñèìèðóþò ÷àñòü äèôôåðåíöèàëüíîãî îïåðàòîðà äèâåðãåí-

öèè, ñîäåðæàùóþ ïðîèçâîäíóþ ïî ïåðåìåííîé xk:

A1
k(ak)v =



(
akv0

xk
+ (akv)0

xk

)
/2, xi ∈ ω̄h \ (γ−k ∪ γk),

(akv)xk , xi ∈ γ−k,

(akv)x̄k , xi ∈ γk.

(52)

Îïåðàòîðû A2
k(a) ïîÿâëÿþòñÿ âñëåäñòâèå ðàñùåïëåíèÿ ðàçíîñòíîãî îïåðàòîðà è èãðàþò

ðîëü ðåãóëÿðèçàòîðîâ:

A2
k(a)v =



− (Φkvxk)x̄k , xi ∈ ω̄h \ (γ−k ∪ γk),

−2h−1
k Φkvxk , xi ∈ γ−k,

2h−1
k Φkvx̄k , xi ∈ γk.

(53)

×åðåç Φ1 è Φ2 îáîçíà÷åíû ôóíêöèè, çàäàííûå íà ñåòêå ω̄h:

Φ1 = |a|2s1s2s̄2 , Φ2 = |a|2s2s1s̄1 .

Ïðè ýòîì ñ÷èòàåòñÿ, ÷òî ôóíêöèÿ |a|2 ÷åòíûì îáðàçîì ïðîäîëæåíà çà ãðàíèöó ñåòêè ω̄h.
Ñåòî÷íàÿ ôóíêöèÿ d îïðåäåëåíà íà ñåòêå ω̄h:

d =



−v
(
a10
x1

+ a20
x2

)
/2, xi ∈ ωh,

−
(
vakxk − hk

[
v
(
ak

(+1k)
xkx̄k − ak

(+2k)
xkx̄k /2

)
+ (vak)

(+1k)
xkx̄k

− (vak)
(+2k)
xkx̄k

/2
])
/2, xi ∈ γ−k,

−
(
vakx̄k + hk

[
v
(
ak

(−1k)
xkx̄k − ak

(−2k)
xkx̄k /2

)
+ (vak)

(−1k)
xkx̄k

− (vak)
(−2k)
xkx̄k

/2
])
/2, xi ∈ γk,

0, xi ∈ γ∗.
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ÎÖÅÍÊÀ ÏÎÃÐÅØÍÎÑÒÈ

Äëÿ èññëåäîâàíèÿ óðàâíåíèå (51) ïåðåïèñûâàåòñÿ â âèäå

vt + α0(v, v̂, â) +
3∑
i=1

τ iαi(v̂, â) = 0, (54)

ãäå
α0(v, v̂, â) = (A1

1(â1) +A1
2(â2))v̂ − d,

α1(v̂, â) = (A1
1(â1)A1

2(â2) + λ(A2
1(â) +A2

2(â)))v̂,

α2(v̂, â) = 3(A1
1(â1)A2

2(â) +A2
1(â)A1

2(â2))v̂,

α3(v̂, â) = λ2A2
1(â)A2

2(â)v̂.

Òî÷íîå ðåøåíèå u çàäà÷è (47), (49) óäîâëåòâîðÿåò óðàâíåíèþ (54) ñ íåâÿçêîé φ. Âî
âñåõ óçëàõ ñåòêè çíà÷åíèÿ ôóíêöèè φ îöåíèâàþòñÿ ïî ìîäóëþ âåëè÷èíîé ïîðÿäêà τ +h2

ïðè óñëîâèè äîñòàòî÷íîé ãëàäêîñòè u. Áîëåå òîãî, ôóíêöèÿ u óäîâëåòâîðÿåò è ïðîäèô-
ôåðåíöèðîâàííîìó ðàçíîñòíûì îáðàçîì óðàâíåíèþ (54) ñ íåâÿçêîé òàêîãî æå ïîðÿäêà.

Ñòðîãîå îáîñíîâàíèå îöåíêè ïîãðåøíîñòè ÷èñëåííîãî èíòåãðèðîâàíèÿ ïî ñõåìå (51)-
(53) òðåáóåò äîñòàòî÷íî ñêóðïóëåçíîãî èññëåäîâàíèÿ óðàâíåíèÿ äëÿ îøèáêè. Ýòî óðàâíå-
íèå çàïèñûâàåòñÿ ïî ðàçíîìó âî âíóòðåííèõ òî÷êàõ ñåòêè ωh è â ãðàíè÷íûõ òî÷êàõ, ÷òî
ïðèâîäèò ê áîëüøîìó îáúåìó âûêëàäîê. Ïîýòîìó ïðèâåäåì ëèøü êîíå÷íûé ðåçóëüòàò
ýòîãî èññëåäîâàíèÿ.

ÒÅÎÐÅÌÀ

max
n≤N
‖v − u‖W 1

2,h
≤ C(τ + h2).
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Ðàññìîòðèì óðàâíåíèå

∂u

∂t
=

∂

∂x1

(
µ1(u)

∂u

∂x1

)
+

∂

∂x2

(
µ2(u)

∂u

∂x2

)
+ f (55)

â îáëàñòè Q = [0, T ]× Ω, ãäå Ω = [0, X1]× [0, X2].
Íà÷àëüíûå óñëîâèÿ

u|t=0 = u0(x1, x2). (56)

Êðàåâûå óñëîâèÿ
u|∂Ω = uγ(t, x1, x2). (57)

Âûáîð ðàçíîñòíîé ñõåìû äëÿ ðåøåíèÿ çàäà÷ ñ óðàâíåíèåì òèïà (55) ñèëüíî çàâèñèò
îò âèäà ôóíêöèé µk(u). Ðàññìîòðèì íåÿâíóþ ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è (55)-(57) ñ
ðàñùåïëÿþùèìñÿ îïåðàòîðîì, ïîèñê ðåøåíèÿ êîòîðîé ñâîäèòñÿ ñ ðåøåíèþ ÑËÀÓ

(E − τ µ̃1∂x1∂x̄1)(E − τ µ̃2∂x2∂x̄2)v̂ =

= v + τ
(
(µ1(v)s1vx1)x̄1 − µ̃1vx1x̄1 + (µ2(v)s2vx2)x̄2 − µ̃2vx2x̄2 + f̂

)
,

(58)

ãäå µ̃k = maxµk(v)sk .
Äëÿ ðåøåíèÿ, íàéäåííîãî ïî ýòîé ñõåìå, âåðíà îöåíêà

max
n≤N

√
‖v − u‖2

W 1
2,h

+ τ(µ̃1 − δ1)‖vx1x̄1 − ux1x̄1‖2 + τ(µ̃2 − δ2)‖vx2x̄2 − ux2x̄2‖2 ≤ C(τ + h2),

ïðè óñëîâèè ãëàäêîñòè òî÷íîãî ðåøåíèÿ u çàäà÷è (55)-(57) è µk(u) ≥ δk > 0.
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