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ÊÂÀÇÈËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ

Íèæå áóäåì ðàññìàòðèâàòü êâàçèëèíåéíîå óðàâíåíèå, çàïèñàííîå â äèâåðãåíòíîé
ôîðìå

∂u

∂t
+
∂F (u)

∂x
= 0, (1)

ãäå u = u(t, x) � íåèçâåñòíàÿ ôóíêöèÿ, à F � óðàâíåíèå ñîñòîÿíèÿ � èçâåñòíàÿ ôóíêöèÿ
îäíîé ïåðåìåííîé.

Â âåðõíåé ïîëóïëîñêîñòè Q = {(t, x)| t > 0, −∞ < x <∞} äëÿ óðàâíåíèÿ (1) ñòàâèòñÿ
çàäà÷à Êîøè

u(0, x) = u0(x). (2)

Âàæíûå ôàêòû

• Ñëîæíîñòü ÷èñëåííîãî ðåøåíèÿ ïîäîáíûõ óðàâíåíèé çàêëþ÷àåòñÿ â òîì, ÷òî åãî
ðåøåíèÿ ìîãóò ñî âðåìåíåì òåðÿòü ãëàäêîñòü.
• Ñêîðîñòü ðàñïðîñòðàíåíèÿ âîçìóùåíèé â ðåøåíèÿõ êâàçèëèíåéíûõ óðàâíåíèé êî-

íå÷íà è îïðåäåëÿåòñÿ â êàæäîé òî÷êå çíà÷åíèåì

dF (u(t, x))

du
.

• Íåîáõîäèìûì óñëîâèåì óñòîé÷èâîñòè ÿâíûõ ðàçíîñòíûõ ñõåì ïî òåîðåìå Êóðàíòà
îá îáëàñòÿõ çàâèñèìîñòè ÿâëÿåòñÿ ñîîòíîøåíèå ìåæäó øàãàìè ñåòêè

aτ

h
< 1, ãäå a =

∥∥∥∥dF (vnm)

du

∥∥∥∥
C
.

• Ïðè ëîêàëèçàöèè îáëàñòè ïîèñêà ðåøåíèÿ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé íà îò-
ðåçîê [0, X] ãðàíè÷íîå óñëîâèå â òî÷êàõ (t, 0) ñòàâèòñÿ ïðè óñëîâèè, ÷òî

dF (u(t, 0))

du
> 0,

à â òî÷êàõ (t,X) ïðè óñëîâèè, ÷òî

dF (u(t,X))

du
< 0.
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ÃÐÀÍÈ×ÍÛÅ ÏÎÒÎÊÈ

Èíòåãðèðóÿ óðàâíåíèå (1) ïî îáëàñòè Qnm = {(t, x)|nτ < t < (n + 1)τ, (m − 1/2)h <
x < (m+ 1/2)h}, ïîëó÷àåì∫ (m+1/2)h

(m−1/2)h
u((n+ 1)τ, x)dx =

∫ (m+1/2)h

(m−1/2)h
u(nτ, x)dx−

−
∫ (n+1)τ

nτ
F (t, (m+ 1/2)h)dt+

∫ (n+1)τ

nτ
F (t, (m− 1/2)h)dt.

Çàìåíèâ òî÷íûå èíòåãðàëû èõ ïðèáëèæåíèÿìè, ïîëó÷àåì ðàçíîñòíóþ ñõåìó

v̂ = v − τ

h
(fm+1/2 − fm−1/2), (3)

â êîòîðîé ÷ëåíû fm+1/2 è fm−1/2 íàçûâàþòñÿ ãðàíè÷íûìè ïîòîêàìè è ÿâëÿþòñÿ ôóíêöè-
ÿìè F íà îäíîì èëè áîëåå âðåìåííûõ ñëîÿõ. Ïðàâèëüíîå âû÷èñëåíèå ãðàíè÷íûõ ïîòîêîâ
ÿâëÿåòñÿ êëþ÷îì ê ïîñòðîåíèþ õîðîøåé ðàçíîñòíîé ñõåìû.

Òðè êëàññè÷åñêèå ñõåìû, íàçûâàåìûå ïðîòèâîïîòîêîâàÿ (ÊÈÐ, upwind), ñ öåíòðàëü-
íîé ðàçíîñòüþ è �òðåíîãà� (Ëàêñà-Âåíäðîôôà), èñïîëüçóþò ðàçëè÷íûå ïðèáëèæåíèÿ äëÿ
âû÷èñëåíèÿ ãðàíè÷íûõ ïîòîêîâ.

Ãðàíè÷íûé ïîòîê â ñõåìå ñ öåíòðàëüíîé ðàçíîñòüþ çàïèñûâàåòñÿ â âèäå

fCNm+1/2 =
Fm+1 + Fm

2
. (4)
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ÑÕÅÌÛ ÊÈÐ (Courant, Isaacson, Rees)

Ñõåìû ÊÈÐ � ýòî ÿâíûå ïðîòèâîïîòî÷íûå (upwind) ñõåìû ïåðâîãî ïîðÿäêà òî÷íîñòè.
Â ñëó÷àå óðàâíåíèÿ ïåðåíîñà ñõåìà ÊÈÐ çàïèñûâàåòñÿ â âèäå îäíîé ôîðìóëû

v̂m − vm
τ

+ a
vm+1/2 − vm−1/2

h
= 0,

vj+1/2 =
1

2
(vj + vj+1) +

1

2
sign(a)(vj − vj+1), j = m,m− 1.

Ñõåìû ÊÈÐ äëÿ êâàçèëèíåéíûõ óðàâíåíèé ðàçëè÷àþòñÿ òèïàìè àïïðîêñèìàöèè íåëè-
íåéíûõ ÷ëåíîâ. Ýôôåêòèâíóþ ñõåìó òàêîãî òèïà ïðåäëîæèë â 1978 ãîäó À.Ñ.Õîëîäîâ.
Â ñëó÷àå îäíîãî óðàâíåíèÿ (1) ñõåìó Õîëîäîâà ìîæíî çàïèñàòü òàê

v̂m − vm
τ

+
fm+1/2 − fm−1/2

h
= 0,

fj+1/2 =
1

2
(Fj + Fj+1) +

1

2

∣∣∣∣dF ((vj + vj+1)/2)

du

∣∣∣∣ (vj − vj+1). j = m,m− 1.

Ãðàíè÷íûé ïîòîê â ïðîòèâîïîòîêîâîé ñõåìå ïåðâîãî ïîðÿäêà ìîæíî çàïèñàòü
â âèäå

fUPm+1/2 =
Fm+1 + Fm

2
− sign(am+1/2)

Fm+1 − Fm
2

(5)

èëè

fUPm+1/2 =
Fm+1 + Fm

2
− |am+1/2|

∆m+1/2

2
, (6)

ãäå
∆m+1/2 = vm+1 − vm. (7)

Ñêîðîñòü âîëíû a âû÷èñëÿåòñÿ êàê

am+1/2 =


Fm+1 − Fm

∆m+1/2
, åñëè ∆m+1/2 6= 0;

∂F

∂u
, èíà÷å.

(8)

Âûáîð ãðàíè÷íîãî ïîòîêà â âèäå (6) ìîæåò íå óäîâëåòâîðÿòü óñëîâèþ íåóáûâàíèÿ
ýíòðîïèè, ïîýòîìó |am+1/2| çàìåíÿåòñÿ íà ψ(am+1/2), êîòîðîå îïðåäåëÿåòñÿ êàê

ψ(am+1/2) = max(|am+1/2|, δ), (9)

ãäå δ � ìàëîå ïîëîæèòåëüíîå ÷èñëî.
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ÑÕÅÌÀ ËÀÊÑÀ-ÂÅÍÄÐÎÔÔÀ (ÒÐÅÍÎÃÀ)

Ñõåìó Ëàêñà-Âåíäðîôôà ìîæíî ïîñòðîèòü, èñõîäÿ èç ðàçëîæåíèÿ â ðÿä Òåéëîðà

û = u + τ u̇ +
τ2

2
ü + O(τ3). (10)

Èç êâàçèëèíåéíîãî óðàâíåíèÿ (1) èìååì

∂u

∂t
= −∂F (u)

∂x

è
∂2u

∂t2
= − ∂

∂t

(
∂F (u)

∂x

)
= − ∂

∂x

(
∂F (u)

∂t

)
=

= − ∂

∂x

(
F ′u(u)

∂u

∂t

)
=

∂

∂x

(
F ′u(u)

∂F (u)

∂x

)
.

Ïåðåïèøåì ðàçëîæåíèå (10) â âèäå

û = u − τ
∂F (u)

∂x
+
τ2

2

∂

∂x

(
F ′u(u)

∂F (u)

∂x

)
+ O(τ3)

è çàìåíèì ïåðâóþ ïðîèçâîäíóþ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé íà öåíòðàëüíóþ ðàç-
íîñòü, à âòîðóþ ïðîèçâîäíóþ íà ñòàíäàðòíóþ àïïðîêñèìàöèþ. Â ðåçóëüòàòå ïîëó÷èì

û = u + τF (u)0
x

+
τ2

2

(
F ′u(us)F (u)x

)
x̄ + O(τ3 + τh2). (11)

Îòáðàñûâàÿ ñëàãàåìûå ïîðÿäêà τ3 + τh2, ïîëó÷àåì øèðîêî èçâåñòíóþ ñõåìó Ëàêñà-
Âåäðîôôà

vt + F (v)0
x

=
τ

2

(
F ′u(vs)F (v)x

)
x̄ , (12)

èìåþùóþ âòîðîé ïîðÿäîê òî÷íîñòè íà ãëàäêèõ ðåøåíèÿõ.
Â ñõåìå �òðåíîãà� ãðàíè÷íûé ïîòîê îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

fLWm+1/2 =
Fm+1 + Fm

2
−
τa2

m+1/2

2h
∆m+1/2. (13)
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ÑÕÅÌÛ ÏÐÅÄÈÊÒÎÐ-ÊÎÐÐÅÊÒÎÐ

Ïðè ïîñòðîåíèè ðàçíîñòíûõ ñõåì, àïïðîêñèìèðóþùèõ íåñòàöèîíàðíûå çàäà÷è, ìîæåò
áûòü èñïîëüçîâàíà òà æå èäåÿ, êîòîðàÿ ëåæèò â îñíîâå êîíñòðóêöèè ñõåì Ðóíãå-Êóòòà
äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, � èäåÿ ïåðåñ÷åòà. Ïåðåñ÷åò ïîçâî-
ëÿåò ïîâûñèòü ïîðÿäîê àïïðîêñèìàöèè. Êðîìå òîãî, ïåðåñ÷åò â ñëó÷àå êâàçèëèíåéíûõ
óðàâíåíèé äàåò äîïîëíèòåëüíóþ âîçìîæíîñòü ïîëó÷åíèÿ òàê íàçûâàåìûõ äèâåðãåíòíûõ
ñõåì.

Íàèáîëåå ÷àñòî óïîòðåáëÿåìîé ÿâëÿåòñÿ ìåòîä Ýéëåðà ñ ïåðåñ÷åòîì

v
n+1/2
m = vnm −

τ

2h

(
fnm+1/2 − f

n
m−1/2

)
,

vn+1
m = vnm −

τ

h

(
f
n+1/2
m+1/2 − f

n+1/2
m−1/2

)
.

(14)

Ïðèìåðîì ñõåìû òèïà ïðåäèêòîð-êîððåêòîð ÿâëÿåòñÿ ñõåìà Ìàê-Êîðìàêà

ṽm = vm −
τ

h
(F (vm+1)− F (vm)) ,

v̂m =
1

2

[
vm + ṽm −

τ

h
(F (ṽm)− F (ṽm−1))

]
.

• Èçìåíåíèå íàïðàâëåíèÿ ÷èñëåííîãî äèôôåðåíöèðîâàíèÿ íà øàãàõ ïðåäèêòîð è êîð-
ðåêòîð ïðèâîäèò ê èçìåíåíèþ ðåçóëüòàòîâ ðàñ÷åòà. Ðàçðûâû ëó÷øå ðàñ÷èòûâàþòñÿ, åñëè
íà øàãå ïðåäèêòîð ðàçíîñòè áåðóòñÿ â íàïðàâëåíèè äâèæåíèÿ ðàçðûâà.
•Äëÿ óðàâíåíèÿ ïåðåíîñà ñõåìà Ìàê-Êîðìàêà ýêâèâàëåíòíà ñõåìå Ëàêñà-Âåíäðîôôà.
• Ìåòîä Ìàê-Êîðìàêà íå òðåáóåò âû÷èñëåíèé çíà÷åíèé èñêîìîé ôóíêöèè â ïîëóöå-

ëûõ óçëàõ.
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ÑÕÅÌÛ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ ÒÎ×ÍÎÑÒÈ

Ìåòîä Ðóñàíîâà:

v
(1)
m+0,5 = 1

2

(
vnm+1 + vnm

)
− τ

3h

(
Fnm+1 − Fnm

)
,

v
(2)
m = vnm − 2τ

3h

(
F (v

(1)
m+0,5)− F (v

(1)
m−0,5)

)
,

vn+1
m = vnm − τ

24h

(
−2Fnm+2 + 7Fnm+1 − 7Fnm−1 + 2Fnm−2

)
−

− 3τ
8h

(
F (v

(2)
m+1)− F (v

(2)
m−1)

)
−

− ω
24

(
vnm+2 − 4vnm+1 + 6vnm − 4vnm−1 + vnm−2.

)
(15)

Ïàðàìåòð ω çàäàåòñÿ èç ïðîìåæóòêà [4ν2 − ν4; 3], ãäå ν = F ′(v)τ/h. Ìîæíî ïîëîæèòü

ω = 4ν2 − ν4,

÷òî ïðèâåäåò ê ñíèæåíèþ äèññèïàòèâíûõ ñâîéñòâ ñõåìû, à äëÿ óìåíüøåíèÿ äèñïåðñèîí-
íûõ ñâîéñòâ ñõåìû âçÿòü

ω =

(
4ν2 + 1

) (
4− ν2

)
5

.

Ìåòîä Óîðìèíãà-Êàòëåðà-Ëîìàêñà:

v
(1)
m = vnm − 2τ

3h

(
Fnm+1 − Fnm

)
,

v
(2)
m = 1

2

(
vnm + v

(1)
m − 2τ

3h

(
F (v

(1)
m )− F (v

(1)
m−1)

))
,

vn+1
m = vnm − τ

24h

(
−2Fnm+2 + 7Fnm+1 − 7Fnm−1 + 2Fnm−2

)
−

− 3τ
8h

(
F (v

(2)
m+1)− F (v

(2)
m−1)

)
−

− ω
24

(
vnm+2 − 4vnm+1 + 6vnm − 4vnm−1 + vnm−2.

)
(16)

Ïàðàìåòð ω çàäàåòñÿ òàêæå, êàê â ñõåìå Ðóñàíîâà.
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ÑÕÅÌÀ ÃÎÄÓÍÎÂÀ

Ñ.Ê.Ãîäóíîâ â 1959 ã. ïðåäëîæèë îðèãèíàëüíûé ìåòîä ðåøåíèÿ îäíîìåðíûõ çàäà÷ ñ ðàç-
ðûâíûìè ðåøåíèÿìè. Îïèøåì ýòîò ìåòîä äëÿ ðåøåíèÿ îäíîãî êâàçèëèíåéíîãî óðàâíå-
íèÿ (1). Ìåòîä ñîñòîèò â òîì, ÷òî ïî èçâåñòíûì çíà÷åíèÿì ôóíêöèè v íà n−îì âðåìåí-

íîì ñëîå âû÷èñëÿþòñÿ ïðèáëèæåííûå çíà÷åíèÿ Fn+1/2
m+1/2, à çàòåì íàõîäÿòñÿ çíà÷åíèÿ v̂ ïî

öåíòðèðîâàííîé ôîðìóëå

v̂ = v − τ

h

(
F
n+1/2
m+1/2 − F

n+1/2
m−1/2

)
. (17)

Çíà÷åíèÿ vn+1/2
m+1/2, íåîáõîäèìûå äëÿ âû÷èñëåíèÿ âåëè÷èí

F
n+1/2
m+1/2 = F (v

n+1/2
m+1/2),

áåðóòñÿ ðàâíûìè â òî÷êå ((n + 1/2)τ, (m + 1/2)h) ðåøåíèþ çàäà÷è Ðèìàíà î ðàñïàäå
ðàçðûâà äëÿ óðàâíåíèÿ (1) ñ êóñî÷íî-ïîñòîÿííîé íà÷àëüíîé ôóíêöèåé

un0 (x) =

{
vnm, x < (m+ 1/2)h,
vnm+1, x > (m+ 1/2)h,

ïðè t = nτ.

Ãîâîðÿ èíûìè ñëîâàìè, äëÿ îïðåäåëåíèÿ çíà÷åíèé v
n+1/2
m+1/2 èùåòñÿ òî÷íîå ðåøåíèå

óðàâíåíèÿ (1) ñ êóñî÷íî-ïîñòîÿííîé íà÷àëüíîé ôóíêöèåé un0 ïðè t = nτ, ðàâíîé íà èí-

òåðâàëå ((m−1/2)h, (m+1/2)h) çíà÷åíèþ vnm è çà çíà÷åíèå vn+1/2
m+1/2 ïðèíèìàåòñÿ âåëè÷èíà

ýòîãî ðåøåíèÿ â òî÷êå ((n+ 1/2)τ, (m+ 1/2)h). Äëÿ èçáåæàíèÿ âëèÿíèÿ äâóõ ðàçëè÷íûõ
òî÷åê ðàçðûâà ôóíêöèè u0 íà çíà÷åíèå â òî÷êå ((n+1/2)τ, (m+1/2)h) øàã τ âûáèðàåòñÿ
èç óñëîâèÿ

max
m
|F ′(vnm)|τ

h
< 1.

Èç ñêàçàííîãî ñëåäóåò, ÷òî ìåòîä Ãîäóíîâà â îïèñàííîì çäåñü âàðèàíòå ñóùåñòâåí-
íî èñïîëüçóåò âîçìîæíîñòü òî÷íî ðåøèòü äëÿ óðàâíåíèÿ (1) çàäà÷ó Êîøè ñ íà÷àëüíîé
ôóíêöèåé âèäà

u0(x) =

{
u−, x < 0,
u+, x > 0,

(18)

ãäå u− è u+ ïðîèçâîëüíûå êîíñòàíòû.
Òàêàÿ çàäà÷à íàçûâàåòñÿ çàäà÷åé Ðèìàíà î ðàñïàäå ðàçðûâà. Äëÿ åå ðåøåíèÿ òðåáó-

åòñÿ çíàòü òåîðèþ ðàçðûâíûõ îáîáùåííûõ ðåøåíèé äëÿ óðàâíåíèÿ (1).
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ÍÅËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÁÞÐÃÅÐÑÀ

∂u

∂t
+
∂u2

∂x
= µ

∂2u

∂x2
(19)

â îáëàñòè Q = [0, T ]× [0, 1] ñ íà÷àëüíûì è ãðàíè÷íûìè óñëîâèÿìè

u(0, x) = u0(x), (20)

u(t, 0) = u(t, 1) = 0. (21)

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé ñõåìû ïåðåïèøåì óðàâíåíèå (19) âèäå

∂u

∂t
+

2

3

∂u2

∂x
+

2

3
u
∂u

∂x
= µ

∂2u

∂x2
. (22)
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ÍÅßÂÍÀß ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ Ñ ÖÅÍÒÐÀËÜÍÛÌÈ ÐÀÇÍÎÑÒßÌÈ

Äëÿ çàäà÷è (22),(20),(21) ðàññìîòðèì ð.ñ.

vt +
2

3
(vv̂)0

x
+

2

3
vv̂0
x

= µv̂xx̄, 0 < m < M,

v̂0 = v̂M = 0,

v0
m = u0(mh), 0 ≤ m ≤M.

(23)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (23) íà êàæäîì âðåìåííîì ñëîå òðåáóåòñÿ
ðåøàòü ÑËÀÓ

Av̂ = b,

ãäå A = E +
τ

3h
A1 +

τµ

h2
A2.

Ìàòðèöà A1 êîñîñèììåòðè÷íàÿ

A1 =


0 v1 + v2 0 . . . 0

−v1 − v2 0 v2 + v3 0 . . .
0 −v2 − v3 0 v3 + v4 0
. . . . . . . . . . . . . . .

 .
Ñèììåòðè÷íàÿ òðåõäèàãîíàëüíàÿ ìàòðèöà A2 � ìàòðèöà âòîðîé ðàçíîñòíîé ïðîèçâîä-
íîé, ïî äèàãîíàëè êîòîðîé ñòîÿò 2, à íà äâóõ ïîáî÷íûõ � -1. Ïîýòîìó

(Av, v) = (v, v) +
τ

3h
(A1v, v) +

τµ

h2
(A2v, v) ≥ ‖v‖2.

Ñëåäîâàòåëüíî, ðåøåíèå ðàçíîñòíîé ñõåìû (23) âñåãäà ñóùåñòâóåò è åäèíñòâåííî.
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ÓÐÀÂÍÅÍÈß ÄËß ÎØÈÁÊÈ

Îáîçíà÷èì ðàçíîñòü ìåæäó ðåøåíèåì ðàçíîñòíîé ñõåìû (23) è òî÷íûì ðåøåíèåì
çàäà÷è (19)-(21) â óçëàõ ñåòêè ÷åðåç ôóíêöèþ w

v = u + w.

Ôóíêöèÿ w ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

wt +
2

3
(uŵ)0

x
+

2

3
uŵ0

x
+

2

3
(wû)0

x
+

2

3
wû0

x
+

2

3
(wŵ)0

x
+

2

3
wŵ0

x
= µŵxx̄ + ϕ, 0 < m < M,

ŵ0 = ŵM = 0,

w0
m = 0, 0 ≤ m ≤M.

(24)
Â óðàâíåíèÿõ (24) ÷åðåç ôóíêöèþ ϕ îáîçíà÷åíà íåâÿçêà, ñ êîòîðîé óäîâëåòâîðÿåò

òî÷íîå ðåøåíèå çàäà÷è (19)-(21) óðàâíåíèÿì (24).

ut +
2

3
(uû)0

x
+

2

3
uû0

x
+ ϕ = µûxx̄, 0 < m < M.

Äëÿ ãëàäêîãî ðåøåíèÿ çàäà÷è (19)-(21) (u ∈ C2,4(Q)) çíà÷åíèÿ ϕ ÿâëÿþòñÿ âåëè÷èíàìè
ïîðÿäêà τ + h2.
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ÎÖÅÍÊÀ ÎØÈÁÊÈ Â L2

Äîìíîæèâ óðàâíåíèÿ îøèáêè (24) ñêàëÿðíî íà ŵ, ïîëó÷àåì òîæäåñòâî

(ŵ, wt) +
2

3
(ŵ, ((u+ w)ŵ)0

x
) +

2

3
(ŵ, (u+ w)ŵ0

x
)+

+
2

3
(ŵ, wû0

x
+ (wû)0

x
) = µ(ŵ, ŵxx̄) + (ŵ, ϕ).

(25)

Êàæäîå èç ñëàãàåìûõ òîæäåñòâà (25) îöåíèì íóæíûì íàì îáðàçîì

(ŵ, ŵt) =
1

2τ
‖ŵ‖2 − 1

2τ
‖w‖2 +

τ

2
‖wt‖2,

(ŵ, ((u+ w)ŵ)0
x
) + (ŵ, (u+ w)ŵ0

x
) = 0,

|(ŵ, wû0
x

+ (wû)0
x
)| ≤ C(‖u′‖C(‖ŵ‖2 + ‖w‖2) +

‖u‖2C
µ
‖ŵ‖2) + µ|[wx‖2,

(ŵ, ŵxx̄) = −|[ŵx‖2,

(ŵ, ϕ) ≤ 1

2
(‖ϕ‖2 + ‖ŵ‖2).

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (25) ïîëó÷àåì íåðàâåíñòâî

‖ŵ‖2 + 2τµ|[ŵx‖2 − ‖w‖2 − 2τµ|[wx‖2 ≤ τ
C

µ
(‖w‖2 + ‖ŵ‖2) + τ‖ϕ‖2. (26)

Ïðèìåíèâ ê ïîñëåäíåìó íåðàâåíñòâó ëåììó Ãðîíóîëëà, ïîëó÷àåì îöåíêó

max
n=1,...,N

√
‖wn‖2 + 2τµ|[wnx‖2 ≤ eCT/µ

√√√√τ N∑
n=1

‖ϕ‖2.
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ÎÖÅÍÊÀ ÎØÈÁÊÈ Â W 1
2

Äîìíîæèâ óðàâíåíèÿ îøèáêè (24) ñêàëÿðíî íà ŵxx̄, ïîëó÷àåì òîæäåñòâî

(ŵxx̄, wt) +
2

3
(ŵxx̄, ((u+ w)ŵ)0

x
) +

2

3
(ŵxx̄, (u+ w)ŵ0

x
)+

+
2

3
(ŵxx̄, wû0

x
+ (wû)0

x
) = µ(ŵxx̄, ŵxx̄) + (ŵxx̄, ϕ).

(27)

Êàæäîå èç ñëàãàåìûõ òîæäåñòâà (27) îöåíèì íóæíûì íàì îáðàçîì

−(ŵxx̄, ŵt) =
1

2τ
|[ŵx‖2 −

1

2τ
|[wx‖2 +

τ

2
|[wxt‖2,

(ŵxx̄, ((u+ w)ŵ)0
x
) + (ŵxx̄, (u+ w)ŵ0

x
) ≤

≤ C

µ

(
(‖ŵ‖12)2 + (‖w‖12)2(‖ŵ‖12)2

)
+
µ

6
‖ŵxx̄‖2,

|(ŵxx̄, wû0
x

+ (wû)0
x
)| ≤ C

µ
(‖w‖12)2 +

µ

6
‖ŵxx̄‖2,

(ŵxx̄, ŵxx̄) = ‖ŵxx̄‖2,

(ŵxx̄, ϕ) ≤ 3

2µ
‖ϕ‖2 +

µ

6
‖ŵxx̄‖2.

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (27) ïîëó÷àåì íåðàâåíñòâî

|[ŵx‖2 + τµ‖ŵxx̄‖2 − |[wx‖2 ≤ τ
C

µ

(
(‖w‖12)2 + (‖ŵ‖12)2 + (‖w‖12)2(‖ŵ‖12)2

)
+ τ

3

µ
‖ϕ‖2.

Ñëîæèâ ïîëó÷åííîå íåðàâåíñòâî ñ íåðàâåíñòâîì (26), èìååì

(‖ŵ‖12)2 + τµ‖ŵxx̄‖2 − (‖w‖12)2 ≤

≤ τ
C

µ

(
(‖w‖12)2 + (‖ŵ‖12)2 + (‖w‖12)2(‖ŵ‖12)2

)
+ τ

(
3

µ
+ 1

)
‖ϕ‖2.

(28)

Ïóñòü τ è h âûáðàíû òàê, ÷òî

τ ≤ τmax è h ≤ hmax,

ãäå

eCT/µ

√√√√τmax ( 3

µ
+ 1

) N∑
n=1

‖ϕ(τmax, hmax)‖2 ≤ 1.

Òîãäà ïî èíäóêöèè, èñïîëüçóÿ ëåììó Ãðîíóîëëà, ïîëó÷àåì îöåíêó

max
n=1,...,N

√
(‖wn‖12)2 + 2τµ‖wnxx̄‖2 ≤ eCT/µ

√√√√τ ( 3

µ
+ 1

) N∑
n=1

‖ϕ‖2.

13



ÍÅËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

∂u

∂t
=

∂

∂x

(
µ(u)

∂u

∂x

)
(29)

Óðàâíåíèå áóäåì ðàññìàòðèâàòü â îáëàñòè Q = [0, T ]× [0, 1] ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x) (30)

è ïðîñòåéøèìè ãðàíè÷íûìè óñëîâèÿìè

u(t, 0) = ul(t), u(t, 1) = ur(t). (31)

Îòíîñèòåëüíî çàäà÷è (29)-(31) áóäåì ïðåäïîëàãàòü, ÷òî
A) ðåøåíèå çàäà÷è ñóùåñòâóåò, åäèíñòâåííî è u ∈ C2,4(Q);
B) ôóíêöèÿ µ(u) ïðèíèìàåò çíà÷åíèÿ èç [µmin; µmax] ïðè u ∈ (umin −∆; umax + ∆), ãäå
umin = inf

(t,x)∈Q
u(t, x), umax = sup

(t,x)∈Q
u(t, x), à âåëè÷èíû ∆ è µmin áîëüøå íóëÿ;

C) µ(u) ∈ C3(umin; umax)
⋂
C1(umin −∆; umax + ∆).

Äëÿ ðåøåíèÿ çàäà÷è (29)-(31) ðàññìîòðèì ðàçíîñòíóþ ñõåìó

vt = µ̃v̂xx̄ + ((µ(vs)− µ̃)vx)x̄, 0 < m < M,

v̂0 = ul((n+ 1)τ), v̂M = ur((n+ 1)τ),

v0
m = u0(mh), 0 ≤ m ≤M,

(32)

ãäå µ̃n =
M−1
max
m=0

µ(vns ).

ÓÒÂÅÐÆÄÅÍÈÅ. Ðåøåíèå ðàçíîñòíîé ñõåìû (32) ñóùåñòâóåò è åäèíñòâåííî. Ïî-
ðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ çàäà÷è (29)-(31) u ∈ C2,4(Q) ðàâåí τ + h2.

ÇÀÌÅ×ÀÍÈÅ. Ðàçíîñòíàÿ ñõåìà (32) èñïîëüçóåò çíà÷åíèå êîýôôèöèåíòà òåïëî-
ïðîâîäíîñòè ñ íèæíåãî âðåìåííîãî ñëîÿ. Â ñëó÷àå íåëèíåéíûõ çàäà÷, êîãäà µ çàâèñèò îò
ðåøåíèÿ, òàêîé ñïîñîá àïïðîêñèìàöèè íå âñåãäà ÿâëÿåòñÿ ïðàâèëüíûì. Áûâàåò òàê, ÷òî
çíà÷åíèÿ µ íåîáõîäèìî áðàòü ñ âåðõíåãî âðåìåííîãî ñëîÿ.

Âûïèøåì óðàâíåíèå äëÿ îøèáêè ðåøåíèÿ ñõåìû (32)

wt = µ̃ŵxx̄ + ((µ(us + ws)− µ̃)wx)x̄ + (µ′u(us + θws)wsux)x̄ + ϕ, 0 < m < M,

ŵ0 = 0, ŵM = 0,

w0
m = 0, 0 ≤ m ≤M,

(33)
ãäå ϕ � íåâÿçêà, ñ êîòîðîé óäîâëåòâîðÿåò òî÷íîå ðåøåíèå çàäà÷è (29)-(31) óðàâíåíèÿì
ðàçíîñòíîé ñõåìû (32), à ôóíêöèÿ θ èìååò çíà÷åíèÿ èç [0, 1].

Äëÿ âûâîäà óðàâíåíèé (33) èñïîëüçóåòñÿ ñòàíäàðòíàÿ òåõíèêà è ñëåäóþùàÿ öåïî÷êà
ðàâåíñòâ

µ(vs)vx = µ(vs)ux + µ(vs)wx = µ(us)ux + µ′u(us + θws)wsux + µ(us + ws)wx.
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ÎÖÅÍÊÀ Â ÍÎÐÌÅ L2

Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî n âåðíà îöåíêà

n
max
k=0

√
‖wk‖2 + τM̃k|[wkx‖2 ≤ K1 = eC1T

√√√√τ N∑
n=1

‖ϕ‖2, (34)

ãäå âåëè÷èíà K1 òàêîâà, ÷òî âûïîëíåíî íåðàâåíñòâî

K1√
h
≤ ∆. (35)

Âåëè÷èíà M̃k = µ̃k −
M−1
min
m=0

µ(vks,m).

ÇÀÌÅ×ÀÍÈÅ. Ýòî ïðåäïîëîæåíèå âûïîëíåíî, åñëè

K1 = C0(τ + h2) (36)

è
C0(τ + h2)√

h
≤ ∆. (37)

Íåðàâåíñòâî (36) îçíà÷àåò, ÷òî òî÷íîñòü ðåøåíèÿ åñòü âåëè÷èíà ïîðÿäêà àïïðîêñèìàöèè
íà ãëàäêîì ðåøåíèè, à íåðàâåíñòâî (37) íàêëàäûâàåò îãðàíè÷åíèÿ íà øàãè ñåòêè âèäà

τ ≤ τmax, h ≤ hmax, τ ≤ C
√
h.

Ïîñëåäíåå íåðàâåíñòâî îçíà÷àåò óñëîâèå íà øàãè ñåòêè: øàã τ äîëæåí áûòü âûáðàí â
çàâèñèìîñòè îò âûáîðà øàãà h.

Äîêàæåì, ÷òî ïðè ýòîì ïðåäïîëîæåíèè îöåíêà (34) âûïîëíåíà è äëÿ âðåìåííîãî ñëîÿ
ñ íîìåðîì n+ 1.
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Çàìåòèì, ÷òî äëÿ âñåõ âðåìåííûõ ñëîåâ k ≤ n, èç íåðàâåíñòâ (34) è (35) è òåîðåìû
âëîæåíèÿ äëÿ ôóíêöèé îäíîé ïåðåìåííîé

‖w‖C ≤
1√
h
‖w‖

ñëåäóåò
‖wk‖C ≤ ∆. (38)

Ïîýòîìó èç óñëîâèé �B� è �C� ïîëó÷àåì

µkmin ≤ ‖µ(uks + wks )‖C ≤ µkmax,

‖µ′u(uks + θwks )‖C ≤ C.
(39)

Óìíîæàÿ óðàâíåíèå äëÿ îøèáêè ñêàëÿðíî íà ŵ, ïîëó÷àåì äëÿ âñåõ k ≤ n òîæäåñòâî

(ŵ, wt) = (ŵ, µ̃ŵxx̄) + (ŵ, ((µ(us+ws)−µ̃)wx)x̄) + (ŵ, (µ′u(us+θws)wsux)x̄) + (ŵ, ϕ). (40)

Èç ýòîãî òîæäåñòâà, ó÷èòûâàÿ îöåíêè (39), ñòàíäàðòíîé òåõíèêîé ïîëó÷àåòñÿ íåðà-
âåíñòâî

‖ŵ‖2 − ‖w‖2 + τ(µ̃− µmin)(|[ŵx‖2 − |[wx‖2) ≤ τC(µmin)‖w‖2 + τ(‖ŵ‖2 + ‖ϕ‖2). (41)

Èç êîòîðîãî ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà ïîëó÷àåì

max
k=1,...,n+1

√
‖wk‖2 + τ(µ̃k − µkmin)|[wkx‖2 ≤ eC1T

√√√√τ N∑
n=1

‖ϕ‖2.

Îòêóäà ñëåäóåò îöåíêà (34) äëÿ n+ 1-ãî âðåìåííîãî ñëîÿ. Ïî èíäóêöèè ñïðàâåäëèâîñòü
ýòîé îöåíêè èìååì äëÿ âñåõ n ≤ N .
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ÎÖÅÍÊÀ Â ÍÎÐÌÅ W 1
2

Ïðåäïîëîæèì, ÷òî äëÿ íåêîòîðîãî n âåðíà îöåíêà

n
max
k=0

√
(‖wk‖12)2 + τM̃k‖wkxx̄‖2 ≤ K2 = eC2T

√√√√τC2

N∑
n=1

‖ϕ‖2. (42)

Âåëè÷èíà M̃k = µ̃k −
M−1
min
m=0

µ(vks,m).

ÇÀÌÅ×ÀÍÈÅ. Ýòî ïðåäïîëîæåíèå âûïîëíåíî, åñëè

K2 = C0(τ + h2) (43)

è
C0(τ + h2) ≤ 2∆. (44)

Íåðàâåíñòâî (43) îçíà÷àåò, ÷òî òî÷íîñòü ðåøåíèÿ åñòü âåëè÷èíà ïîðÿäêà àïïðîêñèìàöèè
íà ãëàäêîì ðåøåíèè, à íåðàâåíñòâî (44) íàêëàäûâàåò îãðàíè÷åíèÿ íà øàãè ñåòêè âèäà

τ ≤ τmax, h ≤ hmax.

Äîêàæåì, ÷òî â ýòîì ñëó÷àå îöåíêà (42) âûïîëíåíà è äëÿ âðåìåííîãî ñëîÿ ñ íîìåðîì
n+ 1.
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Çàìåòèì, ÷òî äëÿ âñåõ âðåìåííûõ ñëîåâ k, ãäå k ≤ n, èç ñäåëàííûõ ïðåäïîëîæåíèé è
òåîðåìû âëîæåíèÿ äëÿ îäíîìåðíûõ ôóíêöèé

‖w‖C ≤
√
X

2
|[wx‖

ñëåäóåò
‖wk‖C ≤ ∆. (45)

Ïîýòîìó
µkmin ≤ ‖µ(uks + wks )‖C ≤ µkmax,

‖µ′u(uks + θwks )‖C ≤ C.
(46)

Óìíîæàÿ óðàâíåíèå äëÿ îøèáêè ñêàëÿðíî íà ŵxx̄, ïîëó÷àåì äëÿ âñåõ k ≤ n òîæäåñòâî

(ŵxx̄, wt) = (ŵxx̄, µ̃ŵxx̄) + (ŵxx̄, ((µ(us+ws)−µ̃)wx)x̄) + (ŵxx̄, (µ
′
u(us+θws)wsux)x̄) + (ŵxx̄, ϕ).

(47)
Èç ýòîãî òîæäåñòâà, ó÷èòûâàÿ îöåíêè (46), ñòàíäàðòíîé òåõíèêîé ïîëó÷àåòñÿ íåðà-

âåíñòâî

|[ŵx‖2−|[wx‖2+τ(µ̃−µmin)(‖ŵxx̄‖2−‖wxx̄‖2) ≤ τC(µmin)((‖w‖12)2+(‖ŵ‖12)2+τ‖ϕ‖2). (48)

Ñëîæèâ íåðàâåíñòâà (41) è (48), ïîëó÷èì íåðàâåíñòâî

(‖ŵ‖12)2 − (‖w‖12)2 + τ(µ̃− µmin)(‖ŵxx̄‖2 − ‖wxx̄‖2) ≤ τC((‖ŵ‖12)2 + (‖w‖12)2 + ‖ϕ‖2).

Èç êîòîðîãî ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà ïîëó÷àåì

max
k=1,...,n+1

√
(‖wk‖12)2 + τ(µ̃k − µkmin)‖wkxx̄‖2 ≤ eC2T

√√√√τC2

N∑
n=1

‖ϕ‖2.

Îòêóäà ñëåäóåò îöåíêà (42) äëÿ n+ 1-ãî âðåìåííîãî ñëîÿ. Ïî èíäóêöèè ñïðàâåäëèâîñòü
ýòîé îöåíêè èìååì äëÿ âñåõ n ≤ N .
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ÊÐÈÒÅÐÈÈ ÌÎÍÎÒÎÍÍÎÑÒÈ

Âñå ëèíåéíûå ñõåìû íà ÿâíûõ äâóõñëîéíûõ øàáëîíàõ, èñïîëüçóÿ ìåòîä íåîïðåäåëåí-
íûõ êîýôôèöèåíòîâ, ìîæíî çàïèñàòü â âèäå

v̂m =
∑
k

ak(τ, h)vm+k. (49)

Â íàñòîÿùåå âðåìÿ íàèáîëåå ðàñïðîñòðàíåíû ñëåäóþùèå êðèòåðèè ìîíîòîííîñòè, èñ-
ïîëüçóåìûå ïðè ïîñòðîåíèè ðàçíîñòíûõ ñõåì äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà.
• Ìîíîòîííûå ïî Ôðèäðèõñó (1954) ñõåìû, äëÿ êîòîðûõ âñå êîýôôèöèåíòû â óðàâíå-

íèè (49) äîëæíû áûòü íåîòðèöàòåëüíûìè (è èç óñëîâèÿ àïïðîêñèìàöèè èõ ñóììà ðàâíà
åäèíèöå):

ak(τ, h) ≥ 0,
∑
k

ak(τ, h) = 1.

• Ìîíîòîííûå ïî Ñ.Ê.Ãîäóíîâó (1959) ëèíåéíûå ñõåìû, â êîòîðûõ ïåðâûå ïðîñòðàí-
ñòâåííûå ðàçíîñòè äëÿ âñåõ m èìåþò îäèíàêîâûé çíàê íà âðåìåííûõ ñëîÿõ tn = nτ è
tn+1 = (n+ 1)τ :

vn+1
m+1 − v

n+1
m ≥ 0, åñëè vnm+1 − vnm ≥ 0 (è íàîáîðîò).

• Ìîíîòîííûå ïî À.Õàðòåíó (1983) ñõåìû (TVD � total variational diminishing � ñõå-
ìû, ÿâëÿþùèåñÿ ðàçâèòèåì áîëåå ðàííèõ ãèáðèäíûõ ñõåì è ìåòîäà êîððåêöèè ïîòîêîâ), â
êîòîðûõ ìîíîòîííîñòü îïðåäåëÿåòñÿ èç óñëîâèÿ íåâîçðàñòàíèÿ ïîëíîé âàðèàöèè (TV(v)):

TV (v̂) =
∑
m

|v̂m+1 − v̂m| ≤
∑
m

|vm+1 − vm| = TV (v).

Ýòî íåðàâåíñòâî ÷àñòî íàçûâàþò TVD-óñëîâèåì.
•Ìîíîòîííûå ñõåìû, îïèðàþùèåñÿ íà õàðàêòåðèñòè÷åñêîå ñâîéñòâî òî÷íîãî ðåøåíèÿ

(Van Leer, 1974)
min{v1, v2} ≤ v̂m ≤ max{v1, v2},

ãäå v1, v2 � çíà÷åíèÿ ñåòî÷íîé ôóíêöèè íà ñëîå tn â äâóõ áëèæàéøèõ óçëàõ x = x1 è
x = x2 ê õàðàêòåðèñòèêå, èñõîäÿùåé èç ðàññ÷èòûâàåìîé òî÷êè (tn+1, xm). Ýòîò êðèòåðèé
÷àñòî íàçûâàþò ìèíèìàêñíûì óñëîâèåì.

Â ëèíåéíîì ñëó÷àå ýòè îïðåäåëåíèÿ ìîíîòîííîñòè â îáùåé îáëàñòè èõ äåéñòâèÿ ýê-
âèâàëåíòíû. Â ÷àñòíîñòè âñå îíè ÿâëÿþòñÿ äîñòàòî÷íûìè óñëîâèÿìè óñòîé÷èâîñòè ðàç-
íîñòíûõ ñõåì. Îäíàêî îíè èìåþò ðàçíûå âîçìîæíîñòè äëÿ èõ îáîáùåíèÿ íà ñëó÷àè íåëè-
íåéíûõ ñõåì è äðóãèå ñåòî÷íûå øàáëîíû (íåÿâíûå, ìíîãîñëîéíûå è ò.ä.)
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ÓÄÀÐÎÓËÀÂËÈÂÀÞÙÈÅ ÐÀÇÍÎÑÒÍÛÅ ÑÕÅÌÛ

Äëÿ äîñòèæåíèÿ âûñîêîé òî÷íîñòè ÷èñëåííîãî ðåøåíèÿ êàê â ðàçðûâíûõ, òàê è â
ãëàäêèõ îáëàñòÿõ ïðåäëîæåíû óäàðîóëàâëèâàþùèå ñõåìû, íàçûâàåìûå ñõåìàìè âûñîêî-
ãî ðàçðåøåíèÿ. Îñíîâíàÿ èäåÿ, ñòîÿùàÿ çà âñåìè ïîäîáíûìè ñõåìàìè, êàê ìîæíî áîëüøå
èñïîëüçîâàòü ñõåìû âûñøèõ ïîðÿäêîâ â îáëàñòÿõ ãëàäêîñòè ðåøåíèÿ è â òî æå âðåìÿ ðà-
çóìíî äîáàâëÿòü äîñòàòî÷íîå ðàññåÿíèå â ëîêàëèçîâàííóþ îáëàñòü âûñîêîãî ãðàäèåíòà
ñ òåì, ÷òîáû èçáåæàòü âîçìîæíîé ÷èñëåííîé îñöèëëÿöèè. Â ðåçóëüòàòå óäàðîóëàâëèâà-
þùèå ñõåìû íåëèíåéíû äàæå ïðè ïðèìåíåíèè èõ ê ëèíåéíûì çàäà÷àì.

Ðàññìîòðèì, äâà ïîäõîäà äëÿ ïîñòðîåíèÿ óäàðîóëàâëèâàþùèõ ñõåì: àëãåáðàè÷åñêèé
è ãåîìåòðè÷åñêèé.
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TVD ÑÕÅÌÛ

TVD-ñõåìû ñòðîÿòñÿ ñ èñïîëüçîâàíèåì àëãåáðàè÷åñêîãî ïîäõîäà ê ïîñòðîåíèþ óäàðî-
óëàâëèâàþùèõ ñõåì. Â ýòîì ïîäõîäå äëÿ îïðåäåëåíèÿ ãðàíè÷íûõ ïîòîêîâ ïðèìåíÿåòñÿ
ëèíåéíàÿ êîìáèíàöèÿ ïðèáëèæåíèé íèçêîãî fL è âûñîêîãî fH ïîðÿäêîâ:

fm+1/2 = fLm+1/2 + φm+1/2(fHm+1/2 − f
L
m+1/2). (50)

Â TVD-ñõåìàõ ãðàíè÷íûé ïîòîê fLm+1/2 çàäàåòñÿ â âèäå fUPm+1/2 ïîòîêà, à fHm+1/2 â

âèäå ëèáî fCNm+1/2, ëèáî f
LW
m+1/2 ïîòîêà. Â áîëåå ñëîæíûõ âàðèàíòàõ TVD-ñõåì ýòè ïîòîêè

íåìíîãî êîððåêòèðóþòñÿ.
Õîðîøî èçâåñòíî, ÷òî ïðîòèâîïîòîêîâàÿ ñõåìà ñëèøêîì äèññèïàòèâíàÿ, â òî âðå-

ìÿ êàê ñõåìû ñ öåíòðàëüíîé ðàçíîñòüþ è �òðåíîãà� ñëèøêîì äèñïåðñèîííûå â îáëàñòè
ñèëüíûõ ãðàäèåíòîâ. Êëþ÷ ê óñïåõó â àëãåáðàè÷åñêîì ïîäõîäå çàêëþ÷àåòñÿ â ïðàâèëü-
íîì âû÷èñëåíèè âåñîâîé ôóíêöèè φm+1/2 òàêèì îáðàçîì, ÷òîáû ðåøåíèå, âû÷èñëåííîå ñ
èñïîëüçîâàíèåì ÷èñëåííîãî ïîòîêà, îïðåäåëåííîãî ïî ôîðìóëå (50) óäîâëåòâîðÿëî íåêî-
òîðûì æåëàòåëüíûì òðåáîâàíèÿì. Îäíî èç òàêèõ òðåáîâàíèé, íàçâàííîå óìåíüøåíèåì
îáùåé âàðèàöèè (total variation diminishing, TVD).
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ÂÛÁÎÐ ÂÅÑÎÂÎÉ ÔÓÍÊÖÈÈ

Â ïðîñòåéøèõ âàðèàíòàõ TVD-ñõåì âûáîð âåñîâîé ôóíêöèè îñóùåñòâÿåòñÿ íàïðèìåð
òàê

φ(r) = minimod(1, r).

Ôóíêöèÿ minimod îò äâóõ àðãóìåíòîâ îïðåäåëÿåòñÿ êàê

minimod(a, b) = sign(a) max(0,min(|a|, sign(a) · b)).

Âîçìîæåí áîëåå �ñëîæíûé� ñïîñîá âûáîðà âåñîâîé ôóíêöèè

φ(r+, r−) = minimod(1, r+, r−).

�Òðåõàðãóìåíòíàÿ� ôóíêöèÿ minimod ðàâíà íàèìåíüøåìó ïî ìîäóëþ àðãóìåíòó, åñëè
âñå àðãóìåíòû îäíîãî çíàêà. Â ïðîòèâíîì ñëó÷àå åå çíà÷åíèå áåðåòñÿ ðàâíûì íóëþ.

Âåëè÷èíà r âû÷èñëÿåòñÿ ïî ôîðìóëå

r =
(|am+1/2−σ| − λa2

m+1/2−σ)∆m+1/2−σ

(|am+1/2| − λa2
m+1/2)∆m+1/2

,

ãäå σ = sign(am+1/2), âåëè÷èíû r+ è r− îïðåäåëÿþòñÿ îòíîøåíèÿìè

r+ =
∆m+1/2+1

∆m+1/2
, r− =

∆m+1/2−1

∆m+1/2
.

Â ëèòåðàòóðå ïðåäëîæåíî î÷åíü ìíîãî ñïîñîáîâ âûáîðà âåñîâîé ôóíêöèè. Îêîí÷à-
òåëüíûé âûáîð íóæíî äåëàòü, òåñòèðóÿ ýòè ñïîñîáû íà ìîäåëüíûõ çàäà÷àõ ðåøàåìîé
çàäà÷è.
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FCT ÑÕÅÌÛ

Âàæíûì ïîäêëàññîì TVD-ñõåì ÿâëÿþòñÿ ñõåìû, íàçûâàåìûå ñõåìàìè ïîòîêà, êîð-
ðåêòèðóþùåãî ïåðåíîñ (�ux corrected transport, FCT). Ñ òî÷êè çðåíèÿ ñîõðàíåíèÿ ìî-
íîòîííîñòè ðåøåíèÿ FCT ÿâëÿåòñÿ îäíèì èç òèïîâ TVD ñõåìû. Îòëè÷èå æå â òîì, ÷òî
îáû÷íûå TVD ñõåìû (íàïðèìåð, ïðèâåäåííûå âûøå) îäíîøàãîâûå, òîãäà êàê ó FCT äâà
øàãà. Äâóõøàãîâàÿ FCT � ýòî, ïî ñóùåñòâó, ãèáðèäíàÿ ñõåìà, ñîñòîÿùàÿ èç êîìáèíèðî-
âàííûõ ñõåì ïåðâîãî è âûñøåãî ïîðÿäêîâ. Îíà âû÷èñëÿåò ïðåäâàðèòåëüíûå äàííûå èç
ñõåìû ïåðâîãî ïîðÿäêà, à çàòåì ôèëüòðóåò ïîïðàâêó âûñøåãî ïîðÿäêà, èñïîëüçóÿ âåñî-
âûå ìíîæèòåëè, ÷òîáû ïðåäîòâðàòèòü ïîÿâëåíèå íîâûõ ýêñòðåìóìîâ. Òàêèì îáðàçîì, â
îáëàñòè, ãäå èñêîìàÿ ôóíêöèÿ èçìåíÿåòñÿ ïëàâíî, èñïîëüçóåòñÿ ñõåìà âûñøåãî ïîðÿäêà.
Â îáëàñòè ðåçêîãî èçìåíåíèÿ èñêîìîé ôóíêöèè ïðåäïî÷òåíèå îòäàåòñÿ ñõåìå íèçøåãî
ïîðÿäêà.

Ôîðìàëüíî, FCT ïðîöåäóðà òàêîâà:
1) âû÷èñëÿåòñÿ ïîòîê íèçêîãî ïîðÿäêà fLm+1/2;

2) âû÷èñëÿåòñÿ ïîòîê âûñîêîãî ïîðÿäêà fHm+1/2;
3) îïðåäåëÿåòñÿ àíòèäèôôóçèîííûé ïîòîê

Am+1/2 = fHm+1/2 − f
L
m+1/2;

4) âû÷èñëÿåòñÿ ðåøåíèå íèçêîãî ïîðÿäêà

vtdm = vnm −
τ

h
(fLm+1/2 − f

L
m−1/2);

5) îãðàíè÷èâàåòñÿ èëè êîððåêòèðóåòñÿ àíòèôôóçèîííûé ïîòîê

Ac = Ac(A);

6) âû÷èñëÿåòñÿ ðåøåíèå íà âåðõíåì âðåìåííîì ñëîå, èñïîëüçóÿ îãðàíè÷åííûé àíòè-
äèôôóçèîííûé ïîòîê

vn+1
m = vtdm −

τ

h
(Acm+1/2 −A

c
m−1/2).

Â îäíîì èç âàðèàíòîâ FCT-ñõåìû ïîòîê âûñîêîãî ïîðÿäêà îïðåäåëÿåòñÿ ñõåìîé �òðå-
íîãà�, à ïîòîê íèçêîãî ïîðÿäêà � ïðîòèâîïîòîêîâîé ñõåìîé. Îãðàíè÷åííûé àíòèäèôôó-
çèîííûé ïîòîê çàäàåòñÿ ñëåäóþùåé ôîðìóëîé

Acm+1/2 = s ·max
{

0,

min

[
|Am+1/2|,

s · h(vtdm+2 − vtdm+1)

τ
,
s · h(vtdm − vtdm−1)

τ

]}
,

(51)

ãäå s = sign(Am+1/2).
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MUSCL ÑÕÅÌÛ

Â ãåîìåòðè÷åñêîì ïîäõîäå äåëàþòñÿ ïîïûòêè âîññîçäàòü çàâèñèìóþ ïåðåìåííóþ v â
êàæäîé ÿ÷åéêå, ïîä÷èíåííóþ îïðåäåëåííûì ìîíîòîííûì îãðàíè÷åíèÿì. Òàêèå îãðàíè-
÷åíèÿ ïåðåìåííàÿ v ïîëó÷àåò íà îáåèõ ñòîðîíàõ ãðàíèöû, vm+1/2,L è vm+1/2,R. Ãðàíè÷íûé
ïîòîê çàòåì âû÷èñëÿåòñÿ ñ èñïîëüçîâàíèåì ïðèáëèæåííîãî èëè òî÷íîãî ðèìàíîâà àïïà-
ðàòà. Ïåðâûì ñõåìó òàêîãî ðîäà ïðåäëîæèë Ñ.Ê.Ãîäóíîâ.

Ìîæíî óâåëè÷èòü ïîðÿäîê àïïðîêñèìàöèè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, åñëè çà-
ìåíèòü â ïåðâîíà÷àëüíîé ñõåìå Ãîäóíîâà êóñî÷íî ïîñòîÿííóþ ôóíêöèþ íà íèæíåì ñëîå
íà êóñî÷íî ëèíåéíóþ. Â çàðóáåæíîé ëèòåðàòóðå òàêèå ñõåìû ïîëó÷èëè íàçâàíèå MUSCL
(monotonic upwind scheme for conservational laws � ìîíîòîííàÿ ïðîòèâîïîòîêîâàÿ ñõåìà
äëÿ çàêîíîâ ñîõðàíåíèÿ).

Ïðîñòåéøèì ïðèìåðîì òàêèõ ñõåì ñëóæèò ñëåäóþùèé àëãîðèòì. Çíà÷åíèå çàâèñèìîé
ïåðåìåííîé íà ãðàíèöå ÿ÷åéêè ñåòêè ïîëó÷àåòñÿ ïîñðåäñòâîì ñëåäóþùåãî îãðàíè÷èòåëÿ
íàêëîíà:

vm+1/2,R = vm+1 −
1

4

[
(1− η)∆∗m+3/2 + (1 + η)∆∗∗m+1/2

]
,

vm+1/2,L = vm +
1

4

[
(1− η)∆∗∗m−1/2 + (1 + η)∆∗m+1/2

]
,

∆∗m+1/2 = minimod
[
∆m+1/2, ω∆m−1/2

]
,

∆∗∗m+1/2 = minimod
[
∆m+1/2, ω∆m+3/2

]
,

(52)

ãäå âåëè÷èíà ∆m+1/2 = vm+1 − vm, à ω � ïàðàìåòð ñæàòèÿ, óäîâëåòâîðÿåò íåðàâåíñòâó

1 ≤ ω ≤ 3− η
1− η

.

Âåëè÷èíà η ìîæåò ïðèíèìàòü îäíî èç ñëåäóþùèõ çíà÷åíèé

−1, −1/3, 0, 1/3, 1/2, 1. (53)

Ãðàíè÷íûé ïîòîê îïðåäåëÿåòñÿ ïî ñëåäóþùåé ôîðìóëå

fm+1/2 =
1

2

[
F (vm+1/2,R) + F (vm+1/2,L)−∣∣∣∣∣F (vm+1/2,R)− F (vm+1/2,L)

vm+1/2,R − vm+1/2,L

∣∣∣∣∣ (vm+1/2,R − vm+1/2,L)].
(54)

Äëÿ äîñòèæåíèÿ âðåìåííîé äèñêðåòèçàöèè âòîðîãî ïîðÿäêà (â äîïîëíåíèå ê ïðè-
âåäåííîé âûøå ïðîñòðàíñòâåííîé äèñêðåòèçàöèè) ìîæíî çàìåíèòü ÿâíóþ ýéëåðîâñêóþ
äèñêðåòèçàöèþ ñõåìîé ïðåäèêòîð-êîððåêòîð.
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ENO ÑÕÅÌÛ

TVD-ñõåìû èìåþò ïîðÿäîê òî÷íîñòè íå âûøå ïåðâîãî. Ñõåìû, èìåþùèå ðàâíîìåð-
íî âòîðîé ïîðÿäîê òî÷íîñòè áûëè íàçâàíû ENO-ñõåìàìè (essentially nonosciallatory �
ñóùåñòâåííî íåêîëåáàòåëüíûå). Ýòè ñõåìû íå îáëàäàþò íåæåëàòåëüíûìè îáðåçàþùèìè
ÿâëåíèÿìè, íî îáëàäàþò áîëüøèìè âðåìåííûì çàòðàòàìè ïî ñðàâíåíèþ ñ TVD-ñõåìàìè.
Ýòî âûçâàíî òåì, ÷òî ENO-ñõåìû èñïîëüçóþò áîëåå øèðîêèé (7-òî÷å÷íûé âìåñòî 5-
òî÷å÷íîãî) êîíå÷íî-ðàçíîñòíûé øàáëîí.

Ïðèìåðîì ENO-ñõåìû ñëóæèò ñëåäóþùèé àëãîðèòì. Óãîë íàêëîíà snm ôóíêöèè

v = vnm + snm
x− xm
h

íà êàæäîì îòðåçêå çàäàåòñÿ ôîðìóëîé

snm = minimod
[
∆m+1/2 −Dm+1/2, ∆m−1/2 +Dm−1/2

]
, (55)

ãäå âåëè÷èíà D õàðàêòåðèçóåò êðèâèçíó ãðàôèêà ôóíêöèè v :

Dm+1/2 = minimod[vm+1 − 2vm + vm−1, vm+2 − 2vm+1 + vm].

Âåëè÷èíà ïîòîêà íà ãðàíèöå âû÷èñëÿåòñÿ ïî ôîðìóëå

fm+1/2 =



F (vnm) + am+1/2(1− am−1/2τ/h)snm/2

1 + (am+1/2 − am−1/2)τ/h
,

åñëè am+1/2 ≥ 0,

F (vnm+1)− am+1/2(1 + am+3/2τ/h)snm+1/2

1 + (am+1/2 − am−1/2)τ/h
,

åñëè am+1/2 < 0.

(56)
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PPM ÑÕÅÌÛ

Ïî ñõåìå PPM (piecewise-parabolic method - êóñî÷íî-ïàðàáîëè÷åñêèé ìåòîä) èùåòñÿ
êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ v, êîòîðàÿ íà êàæäîì îòðåçêå [xm−1/2; xm+1/2] ÿâëÿåòñÿ
ìíîãî÷ëåíîì âòîðîé ñòåïåíè, çàïèñàííûì â ôîðìå

v(x) = vm−1/2,R + ξ[∆vm + v6,m(1− ξ)], (57)

ãäå

ξ =
x− xm

xm+1/2 − xm−1/2
,

∆vm = vm+1/2,L − vm−1/2,R,

v6,m = 6[vm − (vm+1/2,L + vm−1/2,R)/2].

Äëÿ îïðåäåëåíèÿ çíà÷åíèé vm+1/2,L è vm−1/2,R âû÷èñëèì çíà÷åíèÿ vm+1/2 è vm−1/2

ïî ôîðìóëå
vm+1/2 = (vm+1 + vm)/2 + (δlvm − δlvm+1)/6, (58)

ãäå

δlvm =


min(|δvm|, 2∆m+1/2, 2∆m−1/2)sign(δvm),

åñëè ∆m+1/2 ·∆m−1/2 > 0,

0, èíà÷å,

è
δvm = (vm+1 − vm−1)/2.

Çàìå÷àíèå. Åñëè δlvm = δvm, òî âåëè÷èíà vm+1/2 âû÷èñëÿåòñÿ ïî ôîðìóëå

vm+1/2 =
7

12
(vm+1 + vm)− 1

12
(vm+2 + vm+1).
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Âåëè÷èíû vm+1/2 è vm−1/2 îïðåäåëÿþò çíà÷åíèÿ vm+1/2,L è vm−1/2,R :

vm+1/2,L = vm+1/2 è vm−1/2,R = vm−1/2, (59)

åñëè ôóíêöèÿ v(x), çàäàâàåìàÿ ôîðìóëîé (57), ïðèíèìàåò íà îòðåçêå [xm−1/2; xm+1/2]
çíà÷åíèÿ òîëüêî ìåæäó vm+1/2,L è vm−1/2,R. Äðóãèìè ñëîâàìè v(x) äîëæíà áûòü ìîíî-
òîííà íà îòðåçêå [xm−1/2; xm+1/2]. Ýòî ñâîéñòâî áóäåò âûïîëíÿòüñÿ â îáëàñòè ãëàäêîñòè
èñêîìîé ôóíêöèè è, â ðåçóëüòàòå, ôóíêöèÿ v(x) áóäåò íåïðåðûâíà â òî÷êàõ xm+1/2.

Â ïðîòèâíîì ñëó÷àå çíà÷åíèÿ vm+1/2,L è vm−1/2,R èçìåíÿþòñÿ òàê, ÷òîáû v(x) ñòàëà
ìîíîòîííîé ôóíêöèåé íà êàæäîì îòðåçêå [xm−1/2; xm+1/2] ïî ñëåäóþùåìó ïðàâèëó.

Îáîçíà÷èì
d1 = vm+1/2,L − vm è d2 = vm−1/2,R − vm.

Òîãäà èçìåíèì çíà÷åíèÿ vm+1/2,L è vm−1/2,R, îïðåäåëåííûå ïî ïðàâèëó (59), ñëåäóþùèì
îáðàçîì:

vm+1/2,L = vm è vm−1/2,R = vm, åñëè − d1 · d2 ≤ 0,

vm−1/2,R = 3vm − 2vm+1/2,L, åñëè − (d2
1 − d2

2) > (d1 − d2)2/3, (60)

vm+1/2,L = 3vm − 2vm−1/2,R, åñëè (d2
1 − d2

2) > (d1 − d2)2/3. (61)

Îêîí÷àòåëüíî, ïîòîê íà ãðàíèöå ÿ÷åéêè âû÷èñëÿåòñÿ òàê:

fm+1/2 =

 F
(
ṽm+1/2,L(am+1/2τ)

)
, åñëè am+1/2 ≥ 0,

F
(
ṽm+1/2,R(−am+1/2τ)

)
, åñëè am+1/2 < 0,

(62)

ãäå

ṽm+1/2,L(x) = vm+1/2,L −
ξ

2

[
∆vm −

(
1− 2

3
ξ

)
v6,m

]
,

ïðè

ξ =
x− xm

xm+1/2 − xm−1/2
,

è

ṽm+1/2,R(x) = vm+1/2,R +
ξ

2

[
∆vm+1 +

(
1− 2

3

)
v6,m+1

]
,

ïðè

ξ =
x− xm+1

xm+3/2 − xm+1/2
.
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