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ÈÑÏÎËÜÇÓÅÌÛÅ ÎÁÎÇÍÀ×ÅÍÈß

Â êóðñå ëåêöèé ïðàêòè÷åñêè íå çàòðàãèâàåòñÿ âîïðîñ îá èñïîëüçîâàíèè ñåòîê ñ ïåðå-
ìåííûì øàãîì. Â îäíîìåðíûõ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé çàäà÷àõ ðàññìàòðèâàþò-
ñÿ îáëàñòè ïðÿìîóãîëüíîé ôîðìû Q = (0, T )× Ω, ãäå Ω = (0, X). Ïî ïðîñòðàíñòâåííîé
ïåðåìåííîé x èñïîëüçóåòñÿ ñåòêà ñ ïîñòîÿííûì øàãîì h: ω̄h = {mh | m = 0, . . . ,M},
ãäå Mh = X. Íà âðåìåííîì èíòåðâàëå [0; T ] òàêæå èñïîëüçóåòñÿ ðàâíîìåðíàÿ ñåòêà:
ωτ = {nτ | n = 0, . . . , N}, ãäå Nτ = T . Â ðåçóëüòàòå â îáëàñòè Q ââîäèòñÿ ñåòêà
Q̄τh = ωτ × ω̄h. Óçëû ñåòêè ω̄h, ïîïàäàþùèå íà ãðàíèöó îáëàñòè Ω, îáîçíà÷èì γh (ãðà-
íè÷íûå óçëû), à ïîïàäàþùèå â îáëàñòü Ω ÷åðåç ωh (âíóòðåííèå óçëû).

Êðîìå ñåòêè ωh â ðÿäå ñõåì èñïîëüçóþòñÿ ñäâèíóòûå ñåòêè ñ ïîëóöåëûìè óçëàìè.
×åðåç ω1/2

h áóäåì îáîçíà÷àòü ñåòêó ω
1/2
h = {mh + h/2 | m = 0, . . . ,M − 1}, à ÷åðåç

Q
1/2
τh = ωτ × Ω̄

1/2
h .

Çíà÷åíèå ôóíêöèè g, îïðåäåëåííîé íà ñåòêå Qτh (èëè íà ñåòêå Q1/2
τh ), â óçëå (n, m)

áóäåì îáîçíà÷àòü ÷åðåç gnm. Åñëè èíäåêñû áóäóò îïóùåíû, òî ýòî îçíà÷àåò, ÷òî îíè ðàâíû
n è m. Äëÿ ñîêðàùåíèÿ çàïèñè çíà÷åíèé ôóíêöèè g â óçëàõ, ñîñåäíèõ ñ óçëîì (n, m),
èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ:

gn+1
m = ĝ, gnm±1 = g±1.

Ââåäåì îáîçíà÷åíèÿ äëÿ ñðåäíåãî çíà÷åíèÿ âåëè÷èí ñåòî÷íîé ôóíêöèè â äâóõ ñîñåäíèõ
óçëàõ

gs =
gnm+1 + gnm

2
, g0

s
=
gnm+1 + gnm−1

2
, gs̄ =

gnm + gnm−1

2
.

Äëÿ ðàçíîñòíûõ îïåðàòîðîâ ïðèìåíÿþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ

gt =
gn+1
m − gnm

τ
, gx =

gnm+1 − gnm
h

, g◦
x

=
gnm+1 − gnm−1

2h
, gx̄ =

gnm − gnm−1

h
.

Îïðåäåëèì èñïîëüçóåìûå íèæå ñêàëÿðíûå ïðîèçâåäåíèÿ è íîðìû ñåòî÷íûõ ôóíêöèé,
çàäàííûõ íà ñåòêå ω̄h:

(v, u) = h
M−1∑
m=1

vmum, (v, u[= h
M−2∑
m=1

vmum,

[u, v] = (u, v) + h(v0u0 + vMuM ), [u, v) = (u, v) + hv0u0, (u, v] = (u, v) + hvMuM ,

‖v‖C = max
xm∈ω̄h

|vm|, ‖v‖ =
√

(v, v), ‖v]| =
√

(v, v],

|[v]| =
√

[v, v], |[v‖ =
√

[v, v), ‖v[| =
√

(v, v[,

‖v‖12 =
√
|[v]|2 + |[vx‖2.
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ÂÀÆÍÛÅ ÓÒÂÅÐÆÄÅÍÈß

Äëÿ ëþáûõ ñåòî÷íûõ ôóíêöèé v, v è w âåðíû ñëåäóþùèå óòâåðæåíèÿ.

1. Ôîðìóëû ðàçíîñòíîãî äèôôåðåíöèðîâàíèÿ ïðîèçâåäåíèÿ äâóõ ôóíêöèé

(uv)x = uxv
+1 + uvx = uxvs + usvx,

(uv)0
x

= u0
x
v−1 + u+1v0

x
= u0

x
v0
s

+ u0
s
v0
x
. (1)

2. Ôîðìóëû ñóììèðîâàíèÿ ïî ÷àñòÿì (àíàëîãè ôîðìóëû Ëåéáíèöà)

[u, vx) = −(ux̄, v]− u0v0 + uMvM ,
(u, vx) = −(ux̄, v]− u0v1 + uMvM ,

(u, vx̄) = −[ux, v)− u0v0 + uMvM−1.
(2)

3. Íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî è ε-íåðàâåíñòâî

|(u, v)| ≤ ‖u‖‖v‖ ≤ ε‖u‖2 +
1

4ε
‖v‖2,

|(uv,w)| ≤ ‖u‖C‖v‖‖w‖.
(3)

4. Ñåòî÷íûå òåîðåìû âëîæåíèÿ

‖u‖2C ≤ ε|[ux‖2 +

(
1

ε
+

1

X

)
|[u]|2,

‖u‖C ≤
√
X

2
|[ux‖, ïðè u0 = uM = 0,

h2

4
|[ux‖2 ≤ ‖u‖2 ≤

X2

8
|[ux‖2, ïðè u0 = uM = 0.

(4)
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ËÅÌÌÀ ÃÐÎÍÓÎËËÀ

Íèæå áóäåò ÷àñòî èñïîëüçîâàòüñÿ ñëåäóþùèé âàðèàíò ðàçíîñòíîé ëåììû Ãðîíóîëëà.
ËÅÌÌÀ Ïóñòü íåîòðèöàòåëüíûå âåëè÷èíû Y0, Y1, . . ., YN óäîâëåòâîðÿþò íåðàâåíñòâó

Yn ≤ Yn−1 + Cτ (Yn−1 + Yn) + τbn, n = 1, . . . , N.

Êðîìå òîãî, èçâåñòíî, ÷òî bn ≥ 0 äëÿ n = 1, . . . , N , τ < τ0, τ0C = 1/2, τN = T .
Òîãäà âåðíà îöåíêà

max
n=1,...,N

√
Yn ≤ eCT

√√√√Y0 + 2τ
N∑
n=1

bn.

Ââèäó âàæíîñòè ýòîé ëåììû â äàëüíåéøèõ ðàññóæäåíèÿõ ïðèâåäåì åå äîêàçàòåëü-
ñòâî.

Äîêàçàòåëüñòâî. Ïåðåïèøåì íåðàâåíñòâî èç óñëîâèÿ ëåììû â âèäå

(1− τC)Yn ≤ (1 + τC)Yn−1 + τbn, n = 1, . . . , N.

Â ñèëó óñëîâèÿ ëåììû îíî ðàâíîñèëüíî ñëåäóþùåìó íåðàâåíñòâó

Yn ≤
1 + τC

1− τC
Yn−1 +

τ

1− τC
bn, n = 1, . . . , N.

Èç ïîñëåäíåãî íåðàâåíñòâà çàêëþ÷àåì, ÷òî

Yn ≤
(

1 + τC

1− τC

)n
Y0 +

τ

1− τC

n∑
k=1

(
1 + τC

1− τC

)n−k
bk, n = 1, . . . , N.

Îòêóäà, ó÷èòûâàÿ, ÷òî
(1 + τC)n ≤ (1 + τC)CT/τC ≤ eCT

è
(1− τC)n ≥ (1− τC)−CT/−(τC) ≥ e−CT ,

ïîëó÷àåì

Yn ≤ e2CT

(
Y0 + 2τ

N∑
n=1

bn

)
.

Îòêóäà ñëåäóåò óòâåðæäåíèå ëåììû.
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ÓÐÀÂÍÅÍÈÅ ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

∂u

∂t
=

∂

∂x

(
µ
∂u

∂x

)
+ f(t, x), (5)

ãäå u = u(t, x) � íåèçâåñòíàÿ ôóíêöèÿ, à µ è f(t, x) � ïîëîæèòåëüíûé ïîñòîÿííûé
êîýôôèöèåíò òåïëîïðîâîäíîñòè è èçâåñòíàÿ ôóíêöèÿ.

Ïóñòü ðåøåíèå óðàâíåíèÿ (5) èùåòñÿ â îáëàñòè Q

Q̄ = [0, T ]× [0, X].

Â ýòîì ñëó÷àå òðåáóåòñÿ çàäàòü íà÷àëüíîå óñëîâèå

u(0, x) = u0(x), x ∈ [0, X] (6)

è êðàåâûå óñëîâèÿ

µ
∂u

∂x
= α(u− χ) (7)

â òî÷êàõ ó÷àñòêîâ ãðàíèöû [0, T ]×({0} ∪ {X}). Â óñëîâèè (7) êîýôôèöèåíò α è ôóíêöèÿ
χ = χ(t) ñ÷èòàþòñÿ èçâåñòíûìè.
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ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ ÄËß ÓÐÀÂÍÅÍÈß ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ

Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèÿ (5) ÷àñòî èñïîëüçóåòñÿ ðàçíîñòíàÿ ñõåìà

vt = σµv̂xx̄ + (1− σ)µvxx̄ + F. (8)

Ïðè σ = 0 ýòî ÿâíàÿ ñõåìà ñ àïïðîêñèìàöèåé íà ãëàäêèõ ðåøåíèÿõ ïîðÿäêà τ + h2.

óñòîé÷èâàÿ ïðè âûïîëíåíèÿ óñëîâèÿ τ <
h2

2µ
.

Ïðè σ = 1 ýòî íåÿâíàÿ ñõåìà ñ àïïðîêñèìàöèåé íà ãëàäêèõ ðåøåíèÿõ ïîðÿäêà τ + h2

è áåçóñëîâíî óñòîé÷èâàÿ.
Ïðè σ = 1/2 ýòî íåÿâíàÿ ñõåìà ñ àïïðîêñèìàöèåé íà ãëàäêèõ ðåøåíèÿõ ïîðÿäêà

τ2 + h2 è áåçóñëîâíî óñòîé÷èâàÿ.
Âî âñåõ íåÿâíûõ ñõåìàõ òèïà (8) äëÿ ïåðåõîäà íà ñëåäóþùèé âðåìåííîé ñëîé òðåáó-

åòñÿ ðåøàòü ñèñòåìû ëèíåéíûõ óðàâíåíèé

Av̂ = b,

ìàòðèöû êîòîðûõ ïðåäñòàâèìû â âèäå ñóììû

A = E +
τσµ

h2
A2, (9)

ãäå ìàòðèöà A2 ÿâëÿåòñÿ òðåõäèàãîíàëüíîé ïîëîæèòåëüíî îïðåäåëåííîé ìàòðèöåé

A2 =



2 −1 0 0 0 . . . 0
−1 2 −1 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .
. . . 0 −1 2 −1 0 . . .
. . . . . . . . . . . . . . . . . . . . .
0 . . . 0 0 0 −1 2


.

Ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé, ïîñêîëüêó

(Av, v) = (v, v) +
τσµ

h2
(A2v, v) ≥ ‖v‖2.

Ïîýòîìó ðåøåíèå ðàçíîñòíîé ñõåìû âñåãäà ñóùåñòâóåò è åäèíñòâåííî.
Ñèñòåìû ñ òðåõäèàãîíàëüíûìè ìàòðèöàìè âèäà (9) ðåøàþòñÿ ìåòîäîì ïðîãîíêè, â

êîòîðîì ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé ïðÿìî ïðîïîðöèîíàëüíî ÷èñëó íåèçâåñòíûõ.
Ïîýòîìó íà ïðàêòèêå ñòàðàþòñÿ èñïîëüçîâàòü íåÿâíûå ðàçíîñòíûå ñõåìû â ñèëó èõ áåç-
óñëîâíîé óñòîé÷èâîñòè.
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ÝÍÅÐÃÅÒÈ×ÅÑÊÈÅ ÎÖÅÍÊÈ

Íàïîìíèì íà ïðèìåðå íåÿâíîé ðàçíîñòíîé ñõåìû äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
ìåòîä ýíåðãåòè÷åñêèõ íåðàâåíñòâ, ïðèìåíÿåìûé äëÿ èññëåäîâàíèÿ òî÷íîñòè ðàçíîñòíûõ
ñõåì. Ïóñòü äëÿ ðåøåíèÿ çàäà÷è (5)-(6) ñ êðàåâûìè óñëîâèÿìè

u(t, 0) = ul(t), u(t,X) = ur(t) (10)

èñïîëüçóåòñÿ ÷èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà

vt = µv̂xx̄ + f̂ ,
v̂0 = ul(nτ + τ), v̂M = ur(nτ + τ),
v0
m = u0(mh), m = 0, . . . ,M.

(11)

Îáîçíà÷èì ðàçíîñòü ìåæäó ðåøåíèåì ðàçíîñòíîé ñõåìû (11) è òî÷íûì ðåøåíèåì
çàäà÷è (5),(6),(10) â óçëàõ ñåòêè ÷åðåç ôóíêöèþ w

v = u + w.

Ôóíêöèÿ w ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

wt = µŵxx̄ + ϕ,
ŵ0 = 0, ŵM = 0,

w0
m = ψ(mh), m = 0, . . . ,M.

(12)

Â óðàâíåíèÿõ (12) ÷åðåç ôóíêöèþ ϕ îáîçíà÷åíà íåâÿçêà, ïîëó÷àþùàÿñÿ ïðè ïîäñòàâ-
ëåíèè òî÷íîãî ðåøåíèÿ çàäà÷è (5),(6),(10) â ðàçíîñòíóþ ñõåìó

ϕ = −ut + µûxx̄ + f̂ ,

à ÷åðåç ôóíêöèþ ψ � ïîãðåøíîñòü âû÷èñëåíèÿ íà÷àëüíûõ äàííûõ â óçëàõ ñåòêè. Çíà-
÷åíèÿ ϕ ÿâëÿþòñÿ ïîãðåøíîñòÿìè àïïðîêñèìàöèè â óçëàõ ñåòêè ðàçíîñòíîé ñõåìû è ïðè
óñëîâèè, ÷òî u ∈ C2,4(Q), èìåþò ïîðÿäîê O(τ + h2).

Óðàâíåíèÿ òèïà (12) íàçûâàþò óðàâíåíèÿìè äëÿ îøèáêè.
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ÎÖÅÍÊÈ ÎØÈÁÊÈ Â ÍÎÐÌÅ L2

Óìíîæèâ óðàâíåíèÿ äëÿ îøèáêè (12) ñêàëÿðíî íà ŵ, ïîëó÷àåì

(ŵ, wt) = µ(ŵ, ŵxx̄) + (ŵ, ϕ). (13)

Îöåíèì íóæíûì íàì îáðàçîì ñëàãàåìûå èç òîæäåñòâà (13)

(ŵ, wt) =

(
ŵ + w

2
, wt

)
+
τ

2
(wt, wt) =

1

2τ
‖ŵ‖2 − 1

2τ
‖w‖2 +

τ

2
‖wt‖2,

(ŵ, ŵxx̄) = −|[ŵx‖2,

(ŵ, ϕ) ≤ ε‖ŵ‖2 +
1

4ε
‖ϕ‖2 ≤

≤ ε
X2

8
|[ŵx‖2 +

1

4ε
‖ϕ‖2.

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (13) ïîëó÷àåì íåðàâåíñòâî

‖ŵ‖2 + 2τ

(
µ− εX

2

8

)
|[ŵx‖2 − ‖w‖2 ≤ τ

1

2ε
‖ϕ‖2.

Âûáðàâ ε =
4µ

X2
, èìååì

‖ŵ‖2 + τµ|[ŵx‖2 − ‖w‖2 ≤ τ
X2

8µ
‖ϕ‖2.

Îòêóäà, ïðîñóììèðîâàâ ïîñëåäíåå íåðàâåíñòâî ïî âñåì âðåìåííûì ñëîÿì, ïîëó÷àåì îöåí-
êó

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤

√√√√τ X2

8µ

N∑
n=1

‖ϕ‖2. (14)

Ìîæíî îöåíèòü ñëàãàåìîå (ŵ, ϕ) ïî äðóãîìó

|(ŵ, ϕ)| = |[ŵx,Φ)| ≤ ε|[ŵx‖2 +
1

4ε
|[Φ‖2

ãäå Φx̄ = ϕ. Ïîëîæèâ ε =
µ

2
, ïðèõîäèì ê íåðàâåíñòâó

‖ŵ‖2 + τµ|[ŵx‖2 − ‖w‖2 ≤ τ
1

µ
|[Φ‖2.

Èç êîòîðîãî ïîëó÷àåòñÿ îöåíêà

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤

√√√√τ 1

µ

N∑
n=1

|[Φ‖2. (15)

Îòìåòèì, ÷òî îáå îöåíêè (14) è (15) ÿâëÿþòñÿ ðàâíîìåðíûìè ïî äëèíå âðåìåííîãî
ïðîìåæóòêà T , íî íå ïî ïàðàìåòðó µ.
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Ìîæíî èçáàâèòüñÿ îò íåðàâíîìåðíîñòè ïî µ, ïîæåðòâîâàâ ðàâíîìåðíîñòüþ ïî T . Äëÿ
ýòîãî îöåíèì ñëàãàåìîå (ŵ, ϕ) ñëåäóþùèì îáðàçîì

|(ŵ, ϕ)| ≤ 1

2
(‖ŵ‖2 + ‖ϕ‖2).

Èñïîëüçóÿ ýòî íåðàâåíñòâî, ïîëó÷èì

‖ŵ‖2 + 2τµ|[ŵx‖2 − ‖w‖2 ≤ τ‖ŵ‖2 + τ‖ϕ‖2.

Îòêóäà ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà èìååì

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤ eT

√√√√τ N∑
n=1

‖ϕ‖2. (16)
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ÎÖÅÍÊÈ ÎØÈÁÊÈ Â ÍÎÐÌÅ W 1
2

Óìíîæèâ óðàâíåíèÿ äëÿ îøèáêè (12) ñêàëÿðíî íà ŵxx̄, ïîëó÷àåì

(ŵxx̄, wt) = µ(ŵxx̄, ŵxx̄) + (ŵxx̄, ϕ). (17)

Îöåíèì íóæíûì íàì îáðàçîì ñëàãàåìûå èç òîæäåñòâà (17)

−(ŵxx̄, wt) = [ŵx, ŵxt) =
1

2τ
|[ŵx‖2 −

1

2τ
|[wx‖2 +

τ

2
|[wxt‖2,

(ŵxx̄, ŵxx̄) = ‖ŵxx̄‖2,

(ŵxx̄, ϕ) ≤ ε‖ŵxx̄‖2 +
1

4ε
‖ϕ‖2.

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (17) ïîëó÷àåì íåðàâåíñòâî

|[ŵx‖2 + 2τ(µ− ε)|[ŵxx̄‖2 − |[wx‖2 ≤ τ
1

2ε
‖ϕ‖2.

Âûáðàâ ε =
µ

2
, èìååì

|[ŵx‖2 + τµ|[ŵxx̄‖2 − |[wx‖2 ≤ τ
1

µ
‖ϕ‖2.

Îòêóäà, ïðîñóììèðîâàâ ïîñëåäíåå íåðàâåíñòâî ïî âñåì âðåìåííûì ñëîÿì, ïîëó÷àåì îöåí-
êó

max
n=1,...,N

√√√√|[wnx‖2 + τµ
n∑
k=1

|[wkxx̄‖2 ≤

√√√√τ 1

µ

N∑
n=1

‖ϕ‖2. (18)

Îòìåòèì, ÷òî ïîëó÷åííàÿ îöåíêà (18) ÿâëÿåòñÿ ðàâíîìåðíîé ïî äëèíå âðåìåííîãî ïðîìå-
æóòêà T , íî íå ïî ïàðàìåòðó µ. Ìîæíî èçáàâèòüñÿ îò íåðàâíîìåðíîñòè ïî µ, ïîæåðòâîâàâ
ðàâíîìåðíîñòüþ ïî T . Äëÿ ýòîãî îöåíèì ñëàãàåìîå (ŵxx̄, ϕ) ñëåäóþùèì îáðàçîì

|(ŵxx̄, ϕ)| = |[ŵx, ϕx)| ≤ 1

2
(|[ŵx‖2 + |[ϕx‖2).

Èñïîëüçóÿ ýòî íåðàâåíñòâî, ïîëó÷èì

|[ŵx‖2 + 2τµ|[ŵxx̄‖2 − |[wx‖2 ≤ τ |[ŵx‖2 + τ‖ϕx‖2.

Îòêóäà ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà èìååì

max
n=1,...,N

√√√√|[wnx‖2 + 2τµ
n∑
k=1

‖wkxx̄‖2 ≤ eT

√√√√τ N∑
n=1

|[ϕx‖2. (19)
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ÓÐÀÂÍÅÍÈÅ ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ Ñ ÏÎÑÒÎßÍÍÎÉ ÊÎÍÂÅÊÖÈÅÉ

(ËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÁÞÐÃÅÑÀ)

∂u

∂t
+ a

∂u

∂x
=

∂

∂x

(
µ
∂u

∂x

)
+ f(t, x), (20)

ãäå u = u(t, x) � íåèçâåñòíàÿ ôóíêöèÿ, a è µ > 0 � ïîñòîÿííûå êîýôôèöèåíòû ñêîðîñòè
êîíâåêöèè è òåïëîïðîâîäíîñòè, à f(t, x) � èçâåñòíàÿ ôóíêöèÿ.

Ïóñòü ðåøåíèå óðàâíåíèÿ (20) èùåòñÿ â îáëàñòè

Q = [0, T ]× [0, X].

Â ýòîì ñëó÷àå òðåáóåòñÿ çàäàòü íà÷àëüíîå óñëîâèå

u(0, x) = u0(x), x ∈ [0, X] (21)

è êðàåâûå óñëîâèÿ

µ
∂u

∂x
= α(u− χ) (22)

â òî÷êàõ ó÷àñòêîâ ãðàíèöû [0, T ]×({0} ∪ {X}). Â óñëîâèè (22) êîýôôèöèåíò α è ôóíêöèÿ
χ = χ(t) ñ÷èòàþòñÿ èçâåñòíûìè.
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ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ

Îáîáùèì ðåçóëüòàòû, ïîëó÷åííûå ïðè èññëåäîâàíèè íåÿâíîé ðàçíîñòíîé ñõåìû äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè ìåòîäîì ýíåðãåòè÷åñêèõ íåðàâåíñòâ, íà ñëó÷àé óðàâíåíèÿ (20).
Ñäåëàåì ýòî íà ïðèìåðå çàäà÷è (20)-(21) ñ êðàåâûìè óñëîâèÿìè

u(t, 0) = ul(t), u(t,X) = ur(t). (23)

Ðàññìîòðèì ÷èñòî íåÿâíóþ ðàçíîñòíóþ ñõåìó

vt + av̂0
x

= µv̂xx̄ + f̂ ,

v̂0 = ul(nτ + τ), v̂M = ur(nτ + τ),
v0
m = u0(mh), m = 0, . . . ,M.

(24)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (24) íà êàæäîì âðåìåííîì ñëîå òðåáóåòñÿ
ðåøàòü ÑËÀÓ

Av̂ = b,

ãäå A = E +
τa

2h
A1 +

τµ

h2
A2.

Ìàòðèöà A1 êîñîñèììåòðè÷íàÿ

A1 =



0 1 0 0 0 . . . 0
−1 0 1 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . .
. . . 0 −1 0 1 0 . . .
. . . . . . . . . . . . . . . . . . . . .
0 . . . 0 0 0 −1 0


.

Ìàòðèöà A2 � ìàòðèöà âòîðîé ðàçíîñòíîé ïðîèçâîäíîé áûëà óæå îïèñàíà â ñëó÷àå ðàç-
íîñòíîé ñõåìû äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ìàòðèöà A ÿâëÿåòñÿ íåâûðîæäåííîé, ïîñêîëüêó

(Av, v) = (v, v) +
τa

2h
(A1v, v) +

τσµ

h2
(A2v, v) ≥ ‖v‖2.

Ïîýòîìó ðåøåíèå ðàçíîñòíîé ñõåìû âñåãäà ñóùåñòâóåò è åäèíñòâåííî.
Ìàòðèöà A òðåõäèàãîíàëüíàÿ, ïîýòîìó ÑËÀÓ ñ íåé ìîæíî ôîðìàëüíî ðåøàòü ìåòî-

äîì ïðîãîíêè, â êîòîðîì ÷èñëî àðèôìåòè÷åñêèõ îïåðàöèé ïðÿìî ïðîïîðöèîíàëüíî ÷èñëó
íåèçâåñòíûõ. Âîïðîñ óñòîé÷èâîñòè ïðèìåíåíèÿ ïðîãîíêè â ñëó÷àå ïîäîáíûõ ìàòðèö áó-
äåò ðàññìîòðåí â îòäåëüíîé ëåêöèè.
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ÓÐÀÂÍÅÍÈß ÄËß ÎØÈÁÊÈ

Îáîçíà÷èì ðàçíîñòü ìåæäó ðåøåíèåì ðàçíîñòíîé ñõåìû (24) è òî÷íûì ðåøåíèåì
çàäà÷è (20),(21),(23) â óçëàõ ñåòêè ÷åðåç ôóíêöèþ w

v = u + w.

Ôóíêöèÿ w ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

wt + aŵ0
x

= µŵxx̄ + ϕ,

ŵ0 = 0, ŵM = 0,
w0
m = ψ(mh), m = 0, . . . ,M.

(25)

Â óðàâíåíèÿõ (25) ÷åðåç ôóíêöèþ ϕ îáîçíà÷åíà íåâÿçêà, ïîëó÷àþùàÿñÿ ïðè ïîäñòàâ-
ëåíèè òî÷íîãî ðåøåíèÿ çàäà÷è (20),(21),(23) â ðàçíîñòíóþ ñõåìó

ϕ = −ut − aû0
x

+ µûxx̄ + f̂ ,

à ÷åðåç ôóíêöèþ ψ � ïîãðåøíîñòü âû÷èñëåíèÿ íà÷àëüíûõ äàííûõ â óçëàõ ñåòêè. Çíà-
÷åíèÿ ϕ ÿâëÿþòñÿ ïîãðåøíîñòÿìè àïïðîêñèìàöèè â óçëàõ ñåòêè ðàçíîñòíîé ñõåìû è ïðè
óñëîâèè, ÷òî u ∈ C2,4(Q), èìåþò ïîðÿäîê O(τ + h2).
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ÎÖÅÍÊÀ ÎØÈÁÊÈ Â ÍÎÐÌÅ L2

Óìíîæèâ óðàâíåíèÿ äëÿ îøèáêè (25) ñêàëÿðíî íà ŵ, ïîëó÷àåì

(ŵ, wt) + (ŵ, aŵ0
x
) = µ(ŵ, ŵxx̄) + (ŵ, ϕ). (26)

Ïðèíèìàÿ âî âíèìàíèå, ÷òî â ñèëó êîñîñèììåòè÷íîñòè îïåðàòîðà A1 âûïîëíÿåòñÿ
ðàâåíñòâî

(ŵ, ŵ0
x
) = 0,

èç òîæäåñòâà (26), äîñëîâíî ïîâòîðÿÿ äîêàçàòåëüñòâà íåðàâåíñòâ (14)-(16), ìîæíî ïîëó-
÷èòü ñëåäóþùèå îöåíêè

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤

√√√√τ X2

8µ

N∑
n=1

‖ϕ‖2. (27)

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤

√√√√τ 1

µ

N∑
n=1

|[Φ‖2. (28)

max
n=1,...,N

√√√√‖wn‖2 + τµ
n∑
k=1

|[wkx‖2 ≤ eT

√√√√τ N∑
n=1

‖ϕ‖2. (29)

Â íåðàâåíñòâå (28) ÷åðåç Φ îáîçíà÷åíà ñåòî÷íàÿ ïåðâîîáðàçíàÿ ôóíêöèè ϕ

Φm = h
m∑
k=0

ϕk.

Îáðàòèì âíèìàíèå, ÷òî ïåðâûå äâå îöåíêè ÿâëÿþòñÿ ðàâíîìåðíûìè ïî äëèíå âðåìåííîãî
èíòåðâàëà T , íî óõóäøàþòñÿ ïðè µ → 0. Òðåòüÿ îöåíêà íàîáîðîò ðàâíîìåðíà ïî µ, íî
óõóäøàåòñÿ ïðè óâåëè÷åíèè T .
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ÎÖÅÍÊÈ ÎØÈÁÊÈ Â ÍÎÐÌÅ W 1
2

Óìíîæèâ óðàâíåíèÿ äëÿ îøèáêè (25) ñêàëÿðíî íà ŵxx̄, ïîëó÷àåì

(ŵxx̄, wt) + a(ŵxx̄, ŵ0
x
) = µ(ŵxx̄, ŵxx̄) + (ŵxx̄, ϕ). (30)

Íîâîå ñëàãàåìîå a(ŵxx̄, ŵ0
x
) ïî ñðàâíåíèþ ñ óðàâíåíèåì òåïëîïðîâîäíîñòè îöåíèì ñëåäó-

þùèì îáðàçîì

|a(ŵxx̄, ŵ0
x
)| ≤ ε‖ŵxx̄‖ +

a2

4ε
|[ŵx‖2.

Èñïîëüçóÿ ýòî íåðàâåíñòâî, èç òîæäåñòâà (30) ïîëó÷àåì

|[ŵx‖2 + 2τ(µ− ε)|[ŵxx̄‖2 − |[wx‖2 ≤ τ

(
a2

2ε
+ 1

)
|[ŵx‖2 + τ‖ϕ‖2.

Âûáðàâ ε =
µ

2
, ïî ðàçíîñòíîé ëåììå Ãðîíóîëëà èìååì

max
n=1,...,N

√√√√|[wnx‖2 + τµ
n∑
k=1

‖wkxx̄‖2 ≤ e

T

(
a2

µ
+ 1

)√√√√τ N∑
n=1

‖ϕ‖2. (31)

15



ÓÐÀÂÍÅÍÈÅ ÏÅÐÅÍÎÑÀ

Ïðåäñòàâèòåëåì óðàâíåíèé, îïèñûâàþùèõ êîíâåêòèâíûå ïðîöåññû, ÿâëÿåòñÿ óðàâíå-
íèå ïåðåíîñà

∂u

∂t
+ a(t, x)

∂u

∂x
= f(t, x), (32)

ãäå u = u(t, x) � íåèçâåñòíàÿ ôóíêöèÿ, à a è f � èçâåñòíûå ôóíêöèè âðåìåííîé è ïðî-
ñòðàíñòâåííîé ïåðåìåííûõ. Ôóíêöèÿ a çàäàåò â êàæäîé òî÷êå (t, x) ñêîðîñòü ïåðåíîñà.

Äèôôåðåíöèàëüíûé îïåðàòîð óðàâíåíèÿ (32) ìîæíî ïîíèìàòü, êàê ïðîèçâîäíóþ ôóíê-
öèè u(t, x) â íàïðàâëåíèè

dx

dt
= a(t, x) (33)

ïî ïåðåìåííîé t
du

dt
≡ ∂u

∂t
+ a

∂u

∂x
.

Óðàâíåíèå (33) îïðåäåëÿåò íàïðàâëåíèå äèôôåðåíöèðîâàíèÿ â óðàâíåíèè (32), êîòîðîå
íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì íàïðàâëåíèåì, à êðèâûå x = X(t), ÿâëÿþùèåñÿ ðåøåíè-
ÿìè óðàâíåíèÿ (33), íàçûâàþò õàðàêòåðèñòèêàìè.

Â âåðõíåé ïîëóïëîñêîñòè Q = {(t, x)| t > 0, −∞ < x <∞} ðàññìîòðèì çàäà÷ó Êîøè

u(0, x) = u0(x). (34)

Â ñëó÷àå, êîãäà a(t, x) ∈ C1(Q), ÷åðåç êàæäóþ òî÷êó (t, x) ïðîõîäèò âñåãî îäíà õàðàê-
òåðèñòèêà, ïåðåñåêàþùàÿ îñü t = 0 â òî÷êå x0 = X−1(t, x). Òîãäà ðåøåíèå â òî÷êå (t, x)
çàäà÷è (32), (34) ìîæíî îïðåäåëèòü, êàê

u(t, x) =

∫ t

0
f(τ,X(τ))dτ + u0(x0).

Â ïðîñòåéøåì ñëó÷àå, êîãäà a ≡ const, à f ≡ 0, ðåøåíèå çàäà÷è (32),(34) çàïèñûâàåòñÿ
â âèäå

u(t, x) = u0(x− at).

Ýòà ôóíêöèÿ ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (32), (34) ïðè óñëîâèè, ÷òî u0 ∈
D(R).

Åñëè u0 íå ÿâëÿåòñÿ äèôôåðåíöèðóåìîé ôóíêöèåé, òî ôóíêöèþ u(t, x) ñ÷èòàþò ðå-
øåíèåì â øèðîêîì ñìûñëå, ò.å. êàê ôóíêöèþ, ÿâëÿþùóþñÿ íåïðåðûâíî äèôôåðåíöè-
ðóåìîé âäîëü õàðàêòåðèñòèê.

Ïðè ëîêàëèçàöèè îáëàñòè èçìåíåíèÿ ïðîñòðàíñòâåííîé ïåðåìåííîé íåîáõîäèìî çà-
äàâàòü ïîìèìî íà÷àëüíîãî óñëîâèÿ (34) åùå è ãðàíè÷íûå óñëîâèÿ. Ïóñòü îáëàñòü, ãäå
èùåòñÿ ðåøåíèå, ïðÿìîóãîëüíîé ôîðìû

Q = [0, T ]× [0, 1].

Òîãäà íà ó÷àñòêàõ ãðàíèöû [0, T ] × ({0} ∪ {1}) òðåáóåòñÿ çàäàòü çíà÷åíèÿ ôóíêöèè u

â òî÷êàõ, ãäå âåêòîð íàïðàâëåíèÿ äèôôåðåíöèðîâàíèÿ
(

1√
1 + a2

,
a√

1 + a2

)
íàïðàâëåí

âíóòðü îáëàñòè Q èëè, êàê ïðèíÿòî ãîâîðèòü, õàðàêòåðèñòèêè �âõîäÿò� â îáëàñòü.
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ÏÐÎÑÒÅÉØÈÅ ÐÀÇÍÎÑÒÍÛÅ ÑÕÅÌÛ
ÄËß ÓÐÀÂÍÅÍÈß ÏÅÐÅÍÎÑÀ Ñ ÏÎÑÒÎßÍÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ

Äëÿ ÷èñëåííîãî ðåøåíèÿ óðàâíåíèé è ñèñòåì ãèïåðáîëè÷åñêîãî òèïà îñíîâíûå ñâîé-
ñòâà (òî÷íîñòü, óñòîé÷èâîñòü, ìîíîòîííîñòü è ò.ä.) ðàçíîñòíûõ ñõåì ïðîÿâëÿþòñÿ óæå â
ñëó÷àå îäíîìåðíîãî ëèíåéíîãî óðàâíåíèÿ ïåðåíîñà ñ ïîñòîÿííûì êîýôôèöèåíòîì. Ðàñ-
ñìîòðèì ïðîñòåéøèå ðàçíîñòíûå ñõåìû äëÿ òàêîãî óðàâíåíèÿ.

1. Ñõåìû ñ ðàçíîñòÿìè ïðîòèâ ïîòîêà

vt + σav̂x + (1− σ)avx = 0, ïðè a < 0; (35)

vt + σav̂x̄ + (1− σ)avx̄ = 0, ïðè a > 0; (36)

Ñõåìû (35) è (36) àïïðîêñèìèðóþò óðàâíåíèå ïåðåíîñà íà ãëàäêèõ ðåøåíèÿõ ñ ïîðÿäêîì
τ + h. ×èñòî íåÿâíûå ñõåìû (σ = 1) ÿâëÿþòñÿ áåçóñëîâíî óñòîé÷èâûìè, à ÿâíûå ñõåìû

(σ = 0) óñëîâíî óñòîé÷èâû ïðè óñëîâèè
|a|τ
h

< 1.

2. Ñõåìà �òðåíîãà� (Ëàêñà-Âåíäðîôôà)

vt + av0
x

=
a2τ

2
vxx̄. (37)

Ñõåìà (37) àïïðîêñèìèðóåò óðàâíåíèå ïåðåíîñà íà ãëàäêèõ ðåøåíèÿõ ñ ïîðÿäêîì τ2 +h2

è óñëîâíî óñòîé÷èâà ïðè óñëîâèè
|a|τ
h

< 1.
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3. Íåÿâíàÿ ñõåìà ñ öåíòðàëüíîé ðàçíîñòüþ

vt + av̂0
x

= 0. (38)

Ñõåìà (38) àïïðîêñèìèðóåò óðàâíåíèå ïåðåíîñà íà ãëàäêèõ ðåøåíèÿõ ñ ïîðÿäêîì τ + h2

è áåçóñëîâíî óñòîé÷èâà.
Ñõåìà ïðèâîäèò ê ðåøåíèþ ñèñòåìû óðàâíåíèé ñ òðåõäèàãîíàëüíîé ìàòðèöåé è òðåáóåò
çàäàíèÿ �ëèøíåãî� ãðàíè÷íîãî óñëîâèÿ. Ïîýòîìó íà âûõîäå (òàì, ãäå âåêòîð íàïðàâëå-
íèÿ äèôôåðåíöèðîâàíèÿ íàïðàâëåí èç îáëàñòè) íóæíî èñïîëüçîâàòü àïïðîêñèìàöèþ ñ
îäíîñòîðîííèìè ðàçíîñòÿìè. Äëÿ ñîõðàíåíèÿ ïîðÿäêà àïïðîêñèìàöèè òðåáóåòñÿ ââîäèòü
äîïîëíèòåëüíîå ñëàãàåìîå ñ íèæíåãî ñëîÿ

vt,0 + av̂x,0 −
ah

2
(vxx̄,1 − 0.5vxx̄,2) = 0, ïðè a < 0; (39)

vt,M + av̂x,M +
ah

2
(vxx̄,M−1 − 0.5vxx̄,M−2) = 0, ïðè a > 0. (40)

Äîáàâêè ñ íèæíåãî ñëîÿ, èñïîëüçîâàííûå â ôîðìóëàõ (39) è (40), îáåñïå÷èâàþò òî÷íîñòü
ïîðÿäêà τ + h2 ïðè âû÷èñëåíèÿõ ãëàäêèõ ðåøåíèé óðàâíåíèÿ ïåðåíîñà â íîðìå L2,h.
Äëÿ äîñòèæåíèÿ ýòîé òî÷íîñòè â íîðìå W 1

2,h è Ch ýòè äîáàâêè íåîáõîäèìî çàìåíèòü íà
âûðàæåíèÿ

−ah(vxx̄,1 −
1

2
vxx̄,2) è ah(vxx̄,M−1 −

1

2
vxx̄,M−2).

4. Ñõåìà �êðåñò�
v0
t

+ av0
x

= 0. (41)

Ýòî ÿâíàÿ òðåõñëîéíàÿ ðàçíîñòíàÿ ñõåìà. Åå ïîðÿäîê àïïðîêñèìàöèè τ2 + h2, à óñëîâèå

óñòîé÷èâîñòè
|a|τ
h

< 1. Ýòà ñõåìà òðåáóåò çíàíèÿ ñåòî÷íîãî ðåøåíèÿ íà äâóõ ïðåäûäóùèõ
ñëîÿõ äëÿ íàõîæäåíèÿ ðåøåíèÿ íà î÷åðåäíîì âðåìåííîì ñëîå.
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Ðèñ. 1: äâà òèïà ÷èñëåííîãî ðåøåíèÿ

ÒÎ×ÍÎÑÒÜ ÏÐÎÑÒÅÉØÈÕ ÐÀÇÍÎÑÒÍÛÕ ÑÕÅÌ

Ïî òåîðåìå Ôèëèïïîâà èç àïïðîêñèìàöèè è óñòîé÷èâîñòè ëèíåéíûõ ðàçíîñòíûõ ñõåì
ñëåäóåò ñõîäèìîñòü ñ ïîðÿäêîì, ðàâíûì ïîðÿäêó àïïðîêñèìàöèè. Ïîýòîìó â ñëó÷àå ðàñ-
÷åòà ãëàäêèõ ðåøåíèé óðàâíåíèÿ ïåðåíîñà ëó÷øå âñåãî èç ñõåì (35)-(40) çàðåêîìåíäî-
âàëà ñåáÿ ñõåìà �òðåíîãà�. Îäíàêî íà ïðàêòèêå â ñëó÷àå ãèïåðáîëè÷ñêèõ óðàâíåíèé (à
óðàâíåíèå ïåðåíîñà ÿâëÿåòñÿ ïðîñòåéøèì ïðèìåðîì ãèïåðáîëè÷åñêîãî óðàâíåíèÿ) ÷àñòî
òðåáóåòñÿ íàéòè ðåøåíèå, íå îáëàäàþùåå äîñòàòî÷íîé ãëàäêîñòüþ. Ïðè ïîïûòêå âû÷èñ-
ëèòü ðàçðûâíîå ðåøåíèå, èìåþùåå âèä ñòóïåíüêè, èñïîëüçóÿ ñõåìû (35)-(40), ïîëó÷à-
þòñÿ ñëåäóþùèå ÷èñëåííûå ðåøåíèÿ, èçîáðàæåííûå íà ðèñóíêå 1. Îøèáêè ÷èñëåííûõ
ðåøåíèé, èçîáðàæåííûõ íà ýòîì ðèñóíêå, èìåþò âàæíîå îòëè÷èå äðóã îò äðóãà. Åñëè íà
ëåâîì ãðàôèêå ðàçðûâ ðàçìûâàåòñÿ ìîíîòîííî íà íåñêîëüêî óçëîâ, òî íà ïðàâîì ÷èñëåí-
íîå ðåøåíèå ïðè ïðèáëèæåíèè ê òî÷êå ðàçðûâà âåäåò ñåáÿ îñöèëëèðóþùèì îáðàçîì. Â
ñëó÷àå ïðîñòûõ ñõåì, ýòî ëåãêî îáúÿñíèòü, ïðîàíàëèçèðîâàâ ôîðìóëû ñõåìû. Äëÿ ýòîãî
òðåáóåòñÿ âûïèñàòü �äèôôåðåíöèàëüíîå ïðèáëèæåíèå� ðàçíîñòíîé ñõåìû.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÅ ÏÐÈÁËÈÆÅÍÈÅ

Ïóñòü ðàçíîñòíîå ðåøåíèå vh ÿâëÿåòñÿ ïðîåêöèåé íà ñåòêó ãëàäêîé ôóíêöèè v. Ôóíê-
öèÿ v â îáùåì ñëó÷àå íå óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ, êîòîðîå àïïðîê-
ñèìèðóåò ðàçíîñòíàÿ ñõåìà.

Îïðåäåëåíèå. Äèôôåðåíöèàëüíîå óðàâíåíèå, ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ ôóíêöèÿ
v, íàçûâàþò äèôôåðåíöèàëüíûì ïðèáëèæåíèåì ðàçíîñòíîé ñõåìû.

Êàê ïðàâèëî, äèôôåðåíöèàëüíîå ïðèáëèæåíèå ñîäåðæèò áåñêîíå÷íîå ÷èñëî ÷ëåíîâ,
â êàæäûé èç êîòîðûõ âõîäèò ïðîèçâîäíàÿ ôóíêöèè v ñ êîýôôèöèåíòîì, çàâèñÿùèì îò
øàãîâ ñåòêè. ×åì âûøå ïîðÿäîê ïðîèçâîäíîé, òåì âûøå ïîðÿäîê ìàëîñòè ïî τ è h ýòî-
ãî ÷ëåíà. Íà ïðàêòèêå äèôôåðåíöèàëüíîå ïðèáëèæåíèå îáû÷íî âûïèñûâàþò äî ÷ëåíîâ
ïîðÿäêà O

=
(τn + hm) ïîòîìó, ÷òî, êàê áóäåò âèäíî èç äàëüíåéøåãî, èìåííî ÷ëåíû ñ íàè-

ìåíüøèì ïîðÿäêîì ïî τ è h âíîñÿò íàèáîëüøåå âîçìóùåíèå â ôóíêöèþ v, ïî ñðàâíåíèþ
ñ òî÷íûì ðåøåíèåì äèôôåðåíöèàëüíîé çàäà÷è. Áîëåå òîãî, äèôôåðåíöèàëüíîå ïðèáëè-
æåíèå ñòàðàþòñÿ âûïèñûâàòü â òàêîì âèäå, ÷òîáû â äîïîëíèòåëüíûå ïî ñðàâíåíèþ ñ
èñõîäíûì äèôôåðåíöèàëüíûì óðàâíåíèåì ÷ëåíû íå âõîäèëè ÷àñòíûå ïðîèçâîäíûå ïî
âðåìåííîé ïåðåìåííîé, ÷òî áîëåå óäîáíî äëÿ àíàëèçà õàðàêòåðà âíîñèìûõ âîçìóùåíèé.

Âûâåäåì äëÿ ïðèìåðà äèôôåðåíöèàëüíîå ïðèáëèæåíèå ðàçíîñòíîé ñõåìû (36) ñ σ = 0

vt + avx̄ = 0 (42)

ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà O
=

(τ3 + h3).
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Ïîñêîëüêó ôóíêöèÿ v ïî ïðåäïîëîæåíèþ ÿâëÿåòñÿ ãëàäêîé, òî ïîäñòàâèì â (42) âìå-
ñòî vn+1

m è vnm−1 èõ âûðàæåíèÿ â âèäå ðÿäîâ Òåéëîðà, ñ öåíòðîì ðàçëîæåíèÿ â óçëå (n,m)
è ñ òî÷íîñòüþ ðàçëîæåíèÿ äî O

=
(τ4) è O

=
(h4) ñîîòâåòñòâåííî. Â ðåçóëüòàòå ïîëó÷èì

1

τ

([
v + τ v̇ +

τ2

2
v̈ +

τ3

6

...
v +O

=
(τ4)

]
− v

)
+

+
a

h

(
v −

[
v − hv′ + h2

2
v′′ − h3

6
v′′′ +O

=
(h4)

])
= 0.

(43)

Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé óðàâíåíèå (43) ïðèâîäèòñÿ ê âèäó

v̇ + av′ = −τ
2
v̈ +

ah

2
v′′ − τ2

6

...
v −ah

2

6
v′′′ +O

=
(τ3 + h3). (44)

Â ëåâîé ÷àñòè ïîñëåäíåãî ðàâåíñòâà çàïèñàíî èñõîäíîå âîëíîâîå óðàâíåíèå, êîòîðîå àï-
ïðîêñèìèðóåò ðàçíîñòíàÿ ñõåìà (42), à â ïðàâîé � ïîãðåøíîñòü àïïðîêñèìàöèè, êîòîðàÿ
â îáùåì ñëó÷àå îòëè÷íà îò íóëÿ. Äàëåå ïðîèçâîäíûå ïî âðåìåíè, âõîäÿùèå â ïîãðåøíîñòü
àïïðîêñèìàöèè, çàìåíÿþòñÿ ïðîèçâîäíûìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ñ òðåáóåìîé
òî÷íîñòüþ. Äëÿ ýòîãî âûðàçèì ïðîèçâîäíóþ v̈ ÷åðåç ïðîèçâîäíóþ ïî x. Äèôôåðåíöèðóÿ
(44) ïî âðåìåíè, ïîëó÷àåì

v̈ + av̇′ = −τ
2

...
v +

ah

2
v̇′′ − τ2

6

....
v −ah

2

6
v̇′′′ +O

=
(τ3 + h3), (45)

à äèôôåðåíöèðóÿ (44) ïî x è óìíîæàÿ íà −a, íàõîäèì

−av̇′ − a2v′′ =
aτ

2
v̈′ − a2h

2
v′′′ +

aτ2

6

...
v ′ +

a2h2

6
v′′′′ +O

=
(τ3 + h3). (46)

Ñêëàäûâàÿ (45) è (46), ïîëó÷àåì

v̈ = a2v′′ + τ

(
− ...
v

2
+
a

2
v̈′ +O

=
(τ)

)
+ h

(
a

2
v̇′′ − a2

2
v′′′ +O

=
(h)

)
. (47)

Àíàëîãè÷íî ìîæíî ïîëó÷èòü ñëåäóþùèå âûðàæåíèÿ äëÿ ïðîèçâîäíûõ
...
v , v̈′, v̇′′:

...
v = −a3v′′′ +O

=
(τ + h),

v̈′ = a2v′′′ +O
=

(τ + h),

v̇′′ = −av′′′ +O
=

(τ + h).

(48)
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Çàìåíÿÿ â ïðàâîé ÷àñòè óðàâíåíèÿ (44) ïðîèçâîäíûå ïî âðåìåííîé ïåðåìåííîé íà
ïðîèçâîäíûå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé ïî ôîðìóëàì (47) è (48), ïîëó÷àåì

v̇ + av′ =
ah

2
(1− ν)v′′ − ah2

6
(2ν2 − 3ν + 1)v′′′ +O

=
(τ3 + h3), (49)

ãäå ν = aτ/h. Óðàâíåíèå (49) è íàçûâàþò äèôôåðåíöèàëüíûì ïðèáëèæåíèåì ðàçíîñòíîé
ñõåìû (42) ñ òî÷íîñòüþ äî ÷ëåíîâ ïîðÿäêà O

=
(τ3 + h3).

Ïîä÷åðêíåì, ÷òî äëÿ èñêëþ÷åíèÿ ïðîèçâîäíûõ ïî âðåìåíè âûñøèõ ïîðÿäêîâ íåîá-
õîäèìî èñïîëüçîâàòü èìåííî óðàâíåíèå, ïîëó÷àþùååñÿ ïîñëå ïîäñòàíîâêè ðàçëîæåíèÿ â
ðÿä Òåéëîðà â ðàçíîñòíîå óðàâíåíèå, (â íàøåì ïðèìåðå ýòî óðàâíåíèå (44)), à íå èñõîä-
íîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, äëÿ ðåøåíèÿ êîòîðîãî ïðåäíàçíà÷åíà ðàçíîñòíàÿ
ñõåìà (äëÿ äàííîãî ïðèìåðà � âîëíîâîãî óðàâíåíèÿ). Ýòî ñâÿçàíî ñ òåì, ÷òî ðåøåíèå
èñõîäíîãî óðàâíåíèÿ â îáùåì ñëó÷àå íå ÿâëÿåòñÿ ðåøåíèåì ðàçíîñòíîãî óðàâíåíèÿ, à
äèôôåðåíöèàëüíîå ïðèáëèæåíèå ñëåäóåò èç ðàçíîñòíîãî óðàâíåíèÿ. Ïîýòîìó èñõîäíîå
óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ íå äîëæíî èñïîëüçîâàòüñÿ äëÿ èñêëþ÷åíèÿ ïðîèçâîä-
íûõ ïî âðåìåíè.
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ÄÈÑÑÈÏÀÒÈÂÍÛÅ È ÄÈÑÏÅÐÑÈÎÍÍÛÅ ÑÂÎÉÑÒÂÀ

Ïðè èñïîëüçîâàíèè ìåòîäà êîíå÷íûõ ðàçíîñòåé íà ñàìîì äåëå èùåòñÿ ðåøåíèå óðàâ-
íåíèÿ, ÿâëÿþùåãîñÿ äèôôåðåíöèàëüíûì ïðèáëèæåíèåì ðàçíîñòíîé ñõåìû, à íå èñõîäíî-
ãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ. Ñëåäîâàòåëüíî, ïðîàíàëèçèðîâàâ äèôôåðåíöèàëü-
íîå ïðèáëèæåíèå ðàçíîñòíîé ñõåìû, ìîæíî îïðåäåëèòü îñíîâíûå êà÷åñòâåííûå ñâîéñòâà
ðàçíîñòíîãî ðåøåíèÿ. Êîðîòêî îïèøåì îñíîâíóþ èäåþ òàêîãî àíàëèçà.

Ðåøåíèåì ïðîñòåéøåãî âîëíîâîãî óðàâíåíèÿ

∂u

∂t
+ a

∂u

∂x
= 0 (50)

ñ íà÷àëüíûì óñëîâèåì
u(0, x) = eikx (51)

ÿâëÿåòñÿ âîëíà
u(t, x) = ei(ωt+kx), (52)

ãäå ω = −ak.
Ëèíåéíîå óðàâíåíèå Áþðãåðñà

∂u

∂t
+ a

∂u

∂x
= µ

∂2u

∂x2
(53)

ñ íà÷àëüíûì óñëîâèåì (51) èìååò ðåøåíèå â âèäå âîëíû (52), ãäå

ω = −ak + iµk2

. Ñëåäîâàòåëüíî, ÷àñòîòà êîëåáàíèé ïî âðåìåíè ðåøåíèÿ óðàâíåíèÿ (53) îñòàëàñü òàêîé
æå, êàê è ó ðåøåíèÿ óðàâíåíèÿ (50), à àìïëèòóäà âîëíû ñòàëà çàâèñåòü îò ÷èñëà µ: ïðè
µ > 0 àìïëèòóäà âîëíû ñ óâåëè÷åíèåì âðåìåíè çàòóõàåò, à ïðè µ < 0 � âîçðàñòàåò. Áîëåå
òîãî, ïðè µ < 0 çàäà÷à Êîøè â ïîëóïëîñêîñòè t > 0 äëÿ óðàâíåíèÿ (53) ñ íà÷àëüíûì
óñëîâèåì (51) ÿâëÿåòñÿ íåêîððåêòíîé.
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Îáðàòèìñÿ òåïåðü ê ðàññìîòðåíèþ ëèíåéíîãî óðàâíåíèÿ Êîðòâåãà-äå-Ôðèçà

∂u

∂t
+ a

∂u

∂x
= ξ

∂3u

∂x3
. (54)

Åãî ðåøåíèåì ñ íà÷àëüíûì óñëîâèåì (51) ÿâëÿåòñÿ âîëíà (52), ó êîòîðîé

ω = −ak − ξk3.

Òàêàÿ âîëíà íå ìåíÿåò ñâîåé àìïëèòóäû ñ òå÷åíèåì âðåìåíè, íî ÷àñòîòà êîëåáàíèé ïî
âðåìåíè çàâèñèò ïî äðóãîìó çàêîíó, ÷åì ó ðåøåíèÿ óðàâíåíèÿ (50).

Àíàëîãè÷íûå âûâîäû ìîæíî ñäåëàòü è äëÿ óðàâíåíèé, ñîäåðæàùèõ ïðîèçâîäíûå ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé áîëåå âûñîêîãî ïîðÿäêà: ïðîèçâîäíûå ÷åòíîãî ïîðÿäêà
îïðåäåëÿþò èçìåíåíèå àìïëèòóäû âîëíû, à íå÷åòíîãî ïîðÿäêà ÷àñòîòó êîëåáàíèé ïî
âðåìåíè.

Òàêèì îáðàçîì, íåÿâíàÿ çàìåíà ïðè èñïîëüçîâàíèè ìåòîäà êîíå÷íûõ ðàçíîñòåé ðåøà-
åìîãî óðàâíåíèÿ óðàâíåíèåì, ñîäåðæàùèì ñòàðøèå ïðîèçâîäíûå ïî ïðîñòðàíñòâåííûì
ïåðåìåííûì, ïðèâîäèò ê êà÷åñòâåííûì èçìåíåíèÿì ó ïîëó÷àåìûõ ðåøåíèé ïî ñðàâíå-
íèþ ñ ðåøåíèÿìè èñõîäíîé çàäà÷è. Áåçóñëîâíî, íàèáîëüøèé âêëàä â èçìåíåíèå ðåøåíèÿ
âíîñèò òîò ÷ëåí äèôôåðåíöèàëüíîãî ïðèáëèæåíèÿ, íå âõîäÿùèé â èñõîäíîå óðàâíåíèå,
êîòîðûé èìååò íàèìåíüøèé ïîðÿäîê ìàëîñòè â çàâèñèìîñòè îò øàãîâ ðàçíîñòíîé ñåòêè.
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Ïðîèëëþñòðèðóåì ñêàçàííîå âûøå íà ïðèìåðå ðàçíîñòíîé ñõåìû (42). Ïóñòü ñ åå
ïîìîùüþ ðåøàåòñÿ çàäà÷à î ðàñïðîñòðàíåíèè âîëíû, îïèñûâàåìîé óðàâíåíèåì (50) ïðè
a = 1 è íà÷àëüíûì óñëîâèåì

u0(x) =

{
1 ïðè x < 0,
0 ïðè x > 0.

(55)

Òî÷íîå ðåøåíèå ýòîé çàäà÷è çàäàåòñÿ ôîðìóëîé

u(t, x) = u0(x− t); (56)

èíûìè ñëîâàìè, ïðîôèëü òî÷íîãî ðåøåíèÿ íå áóäåò ìåíÿòüñÿ ñ ðîñòîì t, à áóäåò ëèøü
ñäâèãàòüñÿ âïðàâî ñî ñêîðîñòüþ a = 1.

Ðåøåíèå æå ðàçíîñòíîé ñõåìû (42) ïðè τ/h < 1 áóäåò òîæå èìåòü ïðîôèëü, ñäâèãà-
þùèéñÿ âïðàâî ñî ñêîðîñòüþ a = 1, íî êîòîðûé áóäåò ïîñòåïåííî ñãëàæèâàòüñÿ (ëåâûé
ãðàôèê ðèñ. 1). Ýòî îáúÿñíÿåòñÿ íàëè÷èåì â äèôôåðåíöèàëüíîì ïðèáëèæåíèè ýòîé ñõå-
ìû ÷ëåíà ñî âòîðîé ïðîèçâîäíîé ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, êîòîðûé èãðàåò ðîëü
ãàñèòåëÿ àìïëèòóä âîëí âèäà (52), èç êîòîðûõ ñîñòîèò ðåøåíèå (56), ïîñêîëüêó

µ =
ah

2
(1− τ/h) > 0.

Ñëåäîâàòåëüíî, ñõåìà (42) ïðè ν 6= 1 íåÿâíî ââîäèò â óðàâíåíèå èñêóññòâåííóþ âÿç-
êîñòü, êîòîðóþ ÷àñòî íàçûâàþò íåÿâíîé (ñõåìíîé) èñêóññòâåííîé âÿçêîñòüþ â îòëè÷èå
îò ÿâíîé èñêóññòâåííîé âÿçêîñòè, êîòîðàÿ ïðåäíàìåðåííî ââîäèòñÿ â íåêîòîðûõ ñõåìàõ
â ðàçíîñòíîå óðàâíåíèå. Èñêóññòâåííàÿ âÿçêîñòü ñãëàæèâàåò ðåøåíèå óðàâíåíèÿ, óìåíü-
øàÿ ãðàäèåíòû âñåõ ïàðàìåòðîâ íåçàâèñèìî îò ïðè÷èíû âîçíèêíîâåíèÿ ýòèõ ãðàäèåíòîâ,
ôèçè÷åñêîé èëè âû÷èñëèòåëüíîé. Òàêîå ñâîéñòâî ðàçíîñòíîé ñõåìû, îáóñëîâëåííîå íà-
ëè÷èåì â âûðàæåíèè äëÿ ïîãðåøíîñòè àïïðîêñèìàöèè ïðîèçâîäíûõ ÷åòíîãî ïîðÿäêà,
íàçûâàþò äèññèïàöèåé íà ðàçíîñòíîé ñåòêå. Âîçäåéñòâèå äèññèïàöèè ïðèâîäèò ê ðàñòÿ-
æåíèþ êðóòûõ ëèíèé ðàçäåëà, êîòîðûå ìîãóò ïîÿâëÿòüñÿ â ðàñ÷åòíîé îáëàñòè.
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Äèôôåðåíöèàëüíîå ïðèáëèæåíèå ðàçíîñòíîé ñõåìû (42) ñîäåðæèò òàêæå ÷ëåí ñ òðå-
òüåé ïðîèçâîäíîé ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, íî îí áîëåå âûñîêîãî ïîðÿäêà ìàëî-
ñòè ïî øàãàì ðàçíîñòíîé ñåòêè, ïîýòîìó åãî ðîëü ïðàêòè÷åñêè íå âèäíà. Ïðîèëëþñòðè-
ðîâàòü âêëàä ÷ëåíà ñ íå÷åòíîé ïðîèçâîäíîé ïî ïðîñòðàíñòâåííîé ïåðåìåíîé ìîæíî íà
ïðèìåðå ñëåäóþùåé ñõåìû

vt + av◦
x

=
τa

2
vxx̄. (57)

Åå äèôôåðåíöèàëüíîå ïðèáëèæåíèå èìååò âèä

v̇ + av′ = −ah
2

6
(1− ν2)v′′′ − ah3ν

8
(1− ν2)v′′′′ + . . . . (58)

Ïðè ðàñ÷åòå çàäà÷è (50), (55) ïî ñõåìå (57) (åñòåñòâåííî ïðè âûïîëíåíèè óñëîâèÿ
óñòîé÷èâîñòè τ/h < 1) ïîëó÷àåòñÿ ðàçíîñòíîå ðåøåíèå, èìåþùåå õàðàêòåðíûå îñöèëëÿ-
öèè íà ôîíå òî÷íîãî ðåøåíèÿ (56) (ïðàâûé ãðàôèê ðèñ. 1). Ýòî îáúÿñíÿåòñÿ òåì, ÷òî
ãëàâíûì ÷ëåíîì, âíîñÿùèì ïîãðåøíîñòü â ÷èñëåííîå ðåøåíèå, ÿâëÿåòñÿ ïåðâîå ñëàãàå-
ìîå èç ïðàâîé ÷àñòè (58). Ýòîò ÷ëåí ÿâëÿåòñÿ òðåòüåé ïðîèçâîäíîé ïî ïðîñòðàíñòâåíîé
ïåðåìåííîé, ò.å. íå âëèÿåò íà âåëè÷èíó àìïëèòóäû âîëí, èç êîòîðûõ ñîñòîèò ðàçíîñòíîå
ðåøåíèå, çàòî ÷àñòîòà êîëåáàíèé ïî âðåìåíè ó íèõ îêàçûâàåòñÿ ðàçíîé è ïðîèñõîäèò
ÿâëåíèå, àíàëîãè÷íîå ÿâëåíèþ äèôðàêöèè. Òàêîå ÿâëåíèå, ñâÿçàííîå ñ ïðîèçâîäíûìè
íå÷åòíîãî ïîðÿäêà â äèôôåðåíöèàëüíîì ïðèáëèæåíèè, íàçûâàþò äèñïåðñèåé. Äèñïåð-
ñèÿ ïðèâîäèò ê èñêàæåíèþ ñîîòíîøåíèÿ ôàç ðàçëè÷íûõ âîëí.

Îáû÷íî, åñëè ãëàâíûé ÷ëåí â âûðàæåíèè äëÿ ïîãðåøíîñòè àïïðîêñèìàöèè ñîäåðæèò
ïðîèçâîäíóþ ÷åòíîãî ïîðÿäêà, òî ñõåìà îáëàäàåò â îñíîâíîì äèññèïàòèâíûìè ñâîéñòâà-
ìè, à åñëè ïðîèçâîäíóþ íå÷åòíîãî ïîðÿäêà � òî äèñïåðñèîííûìè.
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Ðèñ. 2: Øèðèíà çîíû �ðàçìàçûâàíèÿ�

Îöåíèì øèðèíó ðàçìàçûâàíèÿ ðàçíîñòíîé ñõåìû (42). Âîçüìåì íà÷àëüíûå äàííûå
âèäà

v0
m =

{
1 ïðè m = 0,
0 ïðè m 6= 0

(59)

è ïîñìîòðèì, êàê èõ ïðåîáðàçóåò ñõåìà (42).
Íåïîñðåäñòâåííîé ïðîâåðêîé ìîæíî óáåäèòüñÿ, ÷òî èíòåðåñóþùåå íàñ ðåøåíèå èìååò

âèä

vnm =

{
Cn−mn νm(1− ν)n−m ïðè 0 ≤ m < 0,
0 ïðè îñòàëüíûõ m.

(60)

Ôóíêöèÿ, ñòîÿùàÿ â ïðàâîé ÷àñòè (áèíîìèàëüíûé çàêîí ðàñïðåäåëåíèÿ), ïðèáëèæåí-
íî ìîæåò áûòü ïðåäñòàâëåíà â âèäå

vnm ≈ ṽnm =
1√

2πnν(1− ν)
e
−

(m− nν)2

2nν(1− ν) . (61)

Ãðàôèê ðåøåíèÿ íà n−ì øàãå áóäåò èìåòü âèä, ïðèâåäåííûé íà ðèñ. 2. Ìàêñèìóì
ïðàâîé ÷àñòè (61) äîñòèãàåòñÿ ïðèm = nν, ò.å. èìååò êîîðäèíàòó x = mh = anτ = at. Ò.ê.
x − at = 0 � õàðàêòåðèñòèêà óðàâíåíèÿ (50), òî ìû âèäèì, ÷òî ìàêñèìóì ðåøåíèÿ äâè-
æåòñÿ ïî õàðàêòåðèñòèêå. Íàçîâåì óñëîâíî øèðèíîé çîíû ðàçìàçûâàíèÿ äëèíó îòðåçêà,
íà êîòîðîì ðåøåíèå ïðèíèìàåò çíà÷åíèÿ (ñì. ðèñ. 2)

v > e−α
2ṽmax .

Øèðèíà ýòîé çîíû îïðåäåëÿåòñÿ ïî ôîðìóëå

H = 2α
√

2(1− ν)ath. (62)
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Ðèñ. 3: Çàâèñèìîñòü øèðèíû çîíû �ðàçìàçûâàíèÿ�îò âðåìåíè

Ñëåäîâàòåëüíî, ïðè h→ 0 îáëàñòü, â êîòîðîé ðåøåíèå ñóùåñòâåííî îòëè÷íî îò íóëÿ,
ñòÿãèâàåòñÿ ê õàðàêòåðèñòèêå x−at = 0 (ðèñ. 3). Ñ òå÷åíèåì âðåìåíè t îáëàñòü ðàçìàçû-
âàíèÿ ðàñøèðÿåòñÿ ïðîïîðöèîíàëüíî

√
t. Ðåøåíèå ðàçíîñòíûõ óðàâíåíèé ñ íà÷àëüíûìè

äàííûìè â âèäå �ñòóïåíüêè� (55) ìîæíî ïîëó÷èòü ñóììèðîâàíèåì ñïåöèàëüíûõ ðåøåíèé
òàêîãî âèäà, êàê ìû òîëüêî ÷òî èçó÷èëè.
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Ðèñ. 4: Çàâèñèìîñòü øèðèíû çîíû �ðàçìàçûâàíèÿ� îò øàãîâ ñåòêè

Íà ðèñóíêå 4 ñðàâíèâàþòñÿ ðåçóëüòàòû ðàñ÷åòà çàäà÷è (50), (55) ñ øàãîì h = 0.1 è
h = 0.025 ïðè ν = 0.1 â îäèí è òîò æå ìîìåíò âðåìåíè t = 1. Êàê âèäíî èç ðèñóíêà 4,
ãåîìåòðè÷åñêàÿ ïðîòÿæåííîñòü çîíû �ðàçìàçûâàíèÿ� óìåíüøèëàñü ñ óìåíüøåíèåì øàãà
h â 4 ðàçà ïðèìåðíî âäâîå.

Çàìåòèì òàêæå, ÷òî ïðè âåëè÷èíå ÷èñëà Êóðàíòà ν = 1 ôîðìóëà (62) äàåò äëÿ øèðè-
íû çîíû ðàçìàçûâàíèÿ çíà÷åíèå H = 0, ÷òî ïîäâåðæäàåòñÿ ÷èñëåííûì ýêñïåðèìåíòîì,
â êîòîðîì ñõåìà âîñïðîèçâîäèò òî÷íîå ðåøåíèå.
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ÊÐÈÒÅÐÈÉ ÌÎÍÎÒÎÍÍÎÑÒÈ ßÂÍÎÉ ÑÕÅÌÛ

ÒÅÎÐÅÌÀ Äëÿ òîãî ÷òîáû ðàçíîñòíàÿ ñõåìà âèäà

ûm =
∑
k

ak−muk

ïåðåâîäèëà âñå ìîíîòîííûå ôóíêöèè â ìîíîòîííûå ñ òåì æå íàïðàâëåíèåì ðîñòà, íåîá-
õîäèìî è äîñòàòî÷íî, ÷òîáû âñå êîýôôèöèåíòû ak−m áûëè íåîòðèöàòåëüíûìè.

ÄÎÊÀÇÀÒÅËÜÑÒÂÎ Ïóñòü ak−m ≥ 0 è um ìîíîòîííà. Äëÿ îïðåäåëåííîñòè äîïó-
ñòèì, ÷òî um âîçðàñòàåò, ò.å. âñå um − um−1 íåîòðèöàòåëüíû. Òîãäà

ûm − ûm−1 =
∑
k

ak−muk −
∑
k

ak−m+1uk =

=
∑
k

ak−muk −
∑
k

ak−muk−1 =
∑
k

ak−m(uk − uk−1),

ò.å. ûm − ûm−1 ≥ 0. Òàêèì îáðàçîì, äîñòàòî÷íîñòü óñëîâèÿ äîêàçàíà.
Äîêàæåì íåîáõîäèìîñòü. Ïóñòü, íàïðèìåð, ak0 < 0. Ïîëîæèì

um =

{
1, ïðè m ≥ k0,
0, ïðè m < k0.

Òîãäà û0 − û−1 = ak0 , ÷òî íåâîçìîæíî, åñëè ïðåäïîëàãàòü, ÷òî ñõåìà ïåðåâîäèò ìî-
íîòîííûå ïîñëåäîâàòåëüíîñòè â ìîíîòîííûå ñ òåì æå íàïðàâëåíèåì ðîñòà. Òåì ñàìûì
íåîáõîäèìîñòü äîêàçàíà.

Äëÿ ìîíîòîííûõ ñõåì ëåãêî îáîñíîâûâàåòñÿ óñòîé÷èâîñòü. Â ñàìîì äåëå, åñëè âñå
êîýôôèöèåíòû ak ≥ 0 è, êðîìå òîãî, ∑

k

ak = 1,

òî
max
m
|ûm| ≤

∑
k

(
|ak−m| ·max

m
|um|

)
.

Òàê êàê ïðè íàøèõ ïðåäïîëîæåíèÿõ max
k
|ak| ≤ 1, òî èìååò ìåñòî íåðàâåíñòâî

∑
m

|ûm| ≤
∑
m

|um|,

êîòîðîå è îçíà÷àåò óñòîé÷èâîñòü.
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ÎÄÍÎÌÅÐÍÀß ÀÊÓÑÒÈÊÀ

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùóþ ðàñïðîñòðàíåíèå
ïëîñêèõ çâóêîâûõ âîëí

∂u

∂t
+

1

ρ0

∂p

∂x
= 0,

∂p

∂t
+ ρ0c

2
0

∂u

∂x
= 0.

(63)

Çäåñü u � ñêîðîñòü ñðåäû, ïî êîòîðîé ðàñïðîñòðàíÿåòñÿ çâóê, p � äàâëåíèå â ýòîé ñðåäå
(ãîâîðÿ òî÷íåå, ìàëûå îòêëîíåíèÿ ñêîðîñòè è äàâëåíèÿ îò èõ çíà÷åíèé â íåâîçìóùåí-
íîé ñðåäå, âûçâàííûå ðàñïðîñòðàíåíèåì çâóêîâûõ âîëí). Ïîñòîÿííûå ρ0, c0 ñâÿçàíû ñî
ñâîéñòâàìè ñðåäû: ρ0 � åå ïëîòíîñòü, c2

0 õàðàêòåðèçóåò ñæèìàåìîñòü ñðåäû.

Óìíîæàÿ âòîðîå óðàâíåíèå íà
1

ρ0c0
, à çàòåì ñêëàäûâàÿ ñ ïåðâûì è âû÷èòàÿ èç íåãî,

ïîëó÷àåì äâà òàêèõ óðàâíåíèÿ

∂

∂t

(
u+

p

ρ0c0

)
+ c0

∂

∂x

(
u+

p

ρ0c0

)
= 0,

∂

∂t

(
u− p

ρ0c0

)
− c0

∂

∂x

(
u− p

ρ0c0

)
= 0.

(64)

Âåëè÷èíû
X = u+

p

ρ0c0
, Z = u− p

ρ0c0

íàçûâàþòñÿ ðèìàíîâû èíâàðèàíòû. Îíè ïîñòîÿííû âäîëü ñîîòâåòñòâóþùèõ õàðàêòå-
ðèñòèê è, ñëåäîâàòåëüíî, îáùåå ðåøåíèå ñèñòåìû (63) ìîæíî çàïèñàòü â âèäå

u =
1

2
[f(x− c0t) + g(x+ c0t),

p =
ρ0c0

2
[f(x− c0t)− g(x+ c0t).

(65)

Çäåñü f è g � ïðîèçâîëüíûå ôóíêöèè, êîòîðûå äîëæíû áûòü äèôôåðåíöèðóåìûìè äëÿ
âûïîëíåíèÿ ðàâåíñòâ (63).
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ÇÀÊÎÍÛ ÑÎÕÐÀÍÅÍÈß ÄËß ÑÈÑÒÅÌÛ ÎÄÍÎÌÅÐÍÎÉ ÀÊÓÑÒÈÊÈ

Èíòåãðèðóÿ ïåðâîå óðàâíåíèå ñèñòåìû (63) ïî ïðîèçâîëüíîé îáëàñòè ñ ãðàíèöåé γ íà
ïëîñòêîñòè ïåðåìåííûõ x, t è ïåðåõîäÿ ê êîíòóðíûì èíòåãðàëàì, ïîëó÷èì èíòåãðàëüíîå
òîæäåñòâî ∮

γ

ρ0u dx − p dt = 0, (66)

ïðåäñòàâëÿþùåå ñîáîé çàêîí ñîõðàíåíèÿ êîëè÷åñòâà äâèæåíèÿ.
Àíàëîãè÷íî ïîñòóïàÿ ñî âòîðûì óðàâíåíèåì, ïîëó÷àåì òîæäåñòâî∮

γ

p

c2
0

dx − ρ0u dt = 0, (67)

ÿâëÿþùååñÿ îòðàæåíèåì çàêîíà ñîõðàíåíèÿ ìàññû, ò.ê. â àêóñòè÷åñêîì ñëó÷àå p = c0(ρ−
ρ0) â ñèëó óðàâíåíèÿ ñîñòîÿíèÿ.

Óìíîæèâ ïåðâîå óðàâíåíèå (63) íà ρ0u, à âòîðîå íà
p

ρ0c2
0

è ñëîæèâ ðåçóëüòàòû, ïðè-

õîäèì ê ðàâåíñòâó
∂

∂t

(
ρ0
u2

2
+

p2

2ρ0c2
0

)
+

∂

∂x
(pu) = 0.

Èç êîòîðîãî ñëåäóåò èíòåãðàëüíîå òîæäåñòâî∮
γ

(
ρ0
u2

2
+

p2

2ρ0c2
0

)
dx − pu dt = 0, (68)

íàçûâàåìîå çàêîíîì ñîõðàíåíèÿ ýíåðãèè àêóñòè÷åñêèõ âîëí.
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Ðèñ. 5: Ïîñòðîåíèå ðåøåíèÿ â òî÷êå M

ÇÀÄÀ×À ÊÎØÈ ÄËß ÎÄÍÎÌÅÐÍÎÉ ÀÊÓÑÒÈÊÈ

Íàéäåì ðåøåíèå ñèñòåìû (63), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì

u(x, 0) = u0(x), p(x, 0) = p0(x) (69)

Òîãäà

u0(x) =
1

2
[f(x) + g(x)],

p0 =
ρ0c0

2
[f(x)− g(x)].

Îòêóäà

f(x) = u0(x) +
p0(x)

ρ0c0
,

g(x) = u0(x)− p0(x)

ρ0c0
.

Ñëåäîâàòåëüíî,

u(x, t) =
u0(x− c0t) + u0(x+ c0t)

2
+
p0(x− c0t)− p0(x+ c0t)

2ρ0c0
,

p(x, t) =
p0(x− c0t) + p0(x+ c0t)

2
− ρ0c0

u0(x− c0t)− u0(x+ c0t)

2

(70)
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Ðèñ. 6: Ðàñïàä ðàçðûâà

ÇÀÄÀ×À Î ÐÀÑÏÀÄÅ ÐÀÇÐÛÂÀ ÄËß ÎÄÍÎÌÅÐÍÎÉ ÀÊÓÑÒÈÊÈ

Íàéäåì ðåøåíèå ñèñòåìû (63), óäîâëåòâîðÿþùåå íà÷àëüíûì äàííûì

u0(x) = uI , p0(x) = pI ïðè x < x∗,
u0(x) = uII , p0(x) = pII ïðè x > x∗.

(71)

Òîãäà ïî ôîðìóëàì (70) íàõîäèì

u = uI , p = pI ïðè x < x∗ − c0t ((x, t) ∈ I);
u = uII , p = pII ïðè x > x∗ + c0t ((x, t) ∈ II);

u =
uI + uII

2
− pII − pI

2ρ0c0
,

p =
pI + pII

2
− ρ0c0

uII − uI
2

, ïðè x∗ + c0t > x > x∗ − c0t ((x, t) ∈ III).

(72)

Ðåøåíèå â îáëàñòè III íàõîäèòñÿ èç óñëîâèé ïîñòîÿíñòâà èíâàðèàíòîâ Ðèìàíà âäîëü
õàðàêòåðèñòèê

u+
p

2ρc0
= uI +

pI
2ρ0c0

u− p

2ρc0
= uII −

pII
2ρ0c0

.
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ÐÀÇÍÎÑÒÍÀß ÑÕÅÌÀ ÄËß ÎÄÍÎÌÅÐÍÎÉ ÀÊÓÑÒÈÊÈ

Ïóñòü íà îñè x çàäàíà ðàâíîìåðíàÿ ñåòêà ωh = {xj | jh, j ∈ Z} è íà âðåìåííîì ñëîå
t∗ èçâåñòíî êóñî÷íî ïîñòîÿííîå ðåøåíèå ñèñòåìû (63), ðàâíîå (uj−1/2, pj−1/2) ïðè x ∈

(xj−1, xj). Òîãäà äëÿ âñåõ çíà÷åíèé t < t∗ + τ , ãäå τ <
h

2c0
, ôîðìóëû (72) ïîçâîëÿþò

îïðåäåëèòü òî÷íîå ðåøåíèå òàêîé çàäà÷è. Â ÷àñòíîñòè, çíà÷åíèÿ ýòîãî ðåøåíèÿ â óçëàõ
ñåòêè ωh ïðè âñåõ t ∈ (t∗, t∗ + τ) áóäóò ðàâíû

Pj =
pj−1/2 + pj+1/2

2
− ρ0c0

uj+1/2 − uj−1/2

2
,

Uj =
uj−1/2 + uj+1/2

2
−
pj+1/2 − pj−1/2

2ρ0c0
.

(73)

Â ìîìåíò âðåìåíè t∗ +
h

2c0
õàðàêòåðèñòèêè, âûøåäøèå èç óçëîâ xj−1 è xj ïåðåñåêóòñÿ â

òî÷êå xj−1/2 = (xj−1+xj)/2, ãäå ìîæåò îáðàçîâàòüñÿ íîâûé ðàçðûâ. Ïîñëå ÷åãî âîçíèêàþò

íîâûå çàäà÷è î ðàñïàäå ðàçðûâà óæå â òî÷êàõ xj−1/2, íî äî âðåìåíè t < t∗ +
h

c0
ðåøåíèå

óçëàõ ñåòêè ωh ïî ïðåæíåìó áóäåò çàäàâàòüñÿ ôîðìóëàìè (73).
Èäåÿ ïîñòðîåíèÿ ñõåìû � àïïðîêñèìàöèÿ çàêîíîâ ñîõðàíåíèÿ êîëè÷åñòâà äâèæå-

íèÿ (66) è ìàññû (67). Äëÿ ýòîãî ðàññìîòðèì êîíòóð èíòåãðèðîâàíèÿ â âèäå ïðÿìî-
óãîëüíèêà ABCD (ñì. ðèñ. 7). Â ñèëó ïîñòîÿíñòâà ôóíêöèé, ñîñòàâëÿþùèõ ðåøåíèå íà
ñòîðîíàõ AD, AB è CD, èç òîæäåñòâà (66) èìååì

ûj−1/2 ≡
1

xj − xj−1

C∫
B

u(x, t∗ + τ)dx = uj−1/2 −
τ

hρ0
(Pj − Pj−1). (74)

Àíàëîãè÷íî, èç òîæäåñòâà (67) ïîëó÷àåòñÿ óðàâíåíèå

p̂j−1/2 ≡
1

xj − xj−1

C∫
B

p(x, t∗ + τ)dx = pj−1/2 −
τρ0c

2
0

h
(Uj − Uj−1). (75)
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Ðèñ. 7: Ãåîìåòðèÿ ñõåìû Ãîäóíîâà

Óðàâíåíèÿ (74)-(75) ñõåìû Ãîäóíîâà ìîæíî ïåðåïèñàòü â ñëåäóþùåì âèäå

ut +
1

ρ0
p0
x

=
c0h

2
uxx̄,

pt + ρ0c
2
0u0
x

=
c0h

2
pxx̄.

(76)

Ïîä÷åðêíåì, ÷òî ôóíêöèè u è p îïðåäåëåíû â ïîëóöåëûõ óçëàõ ïî ïðîñòðàíñòâåííîé
ïåðåìåííîé.

Ïîñòðîåííàÿ ðàçíîñòíàÿ ñõåìà èìååò ïîðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ
τ +h, à åå äèôôåðåíöèàëüíîå ïðèáëèæåíèå ñ òî÷íîñòüþ äî τ2 +h2 èìååò ñëåäóþùèé âèä

∂u

∂t
+

1

ρ0

∂p

∂x
=

hc0

2

(
1− c0τ

h

)
∂2u

∂x2
,

∂p

∂t
+ ρ0c

2
0

∂u

∂x
=

hc0

2

(
1− c0τ

h

)
∂2p

∂x2
.

(77)

Èç âèäà äèôôåðåíöèàëüíîãî ïðèáëèæåíèÿ ìîæíî ñäåëàòü âûâîä, ÷òî ïðè τ >
h

c0
ïî

ñõåìå ñ÷èòàòü íåëüçÿ, ò.ê. â ýòîì ñëó÷àå ñèñòåìà (77) ÿâëÿåòñÿ îáðàòíîé çàäà÷åé Êîøè
äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà. Íåîáõîäèìîñòü ýòîãî óñëîâèÿ äëÿ óñòîé÷èâîñòè
ìîæíî òàêæå ïîêàçàòü, èñïîëüçóÿ ñïåêòðàëüíûé ïðèçíàê óñòîé÷èâîñòè.

Ââåäåì ýíåðãåòè÷åñêóþ íîðìó

‖u, p‖ =

√
ρ0

2
‖u‖2 +

1

2ρ0c2
0

‖p‖2.

ÒÅÎÐÅÌÀ Äëÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (74)-(75) âûïîëíåíà îöåíêà

‖û, p̂‖ ≤ ‖u, p‖,

ïðè ñëåäóþùåì óñëîâèè íà øàãè ñåòêè τ ≤ h

c0
.
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ÍÅÂßÇÊÎÅ ËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÁÞÐÃÅÐÑÀ

Çàêîíû ñîõðàíåíèÿ, êîòîðûå ëåæàò â îñíîâå äèôôåðåíöèàëüíûõ óðàâíåíèé, ÷àùå
âñåãî ïðèâîäÿò ê äèâåðãåíòíîé ôîðìå çàïèñè êîíâåêòèâíîé ÷àñòè äèôôåðåíöèàëüíîãî
îïåðàòîðà. Ïîýòîìó ðàññìîòðèì óðàâíåíèå ïåðåíîñà ñ ïåðåìåííûì êîýôôèöèåíòîì (åãî
÷àñòî íàçûâàþò ëèíåéíûì íåâÿçêèì óðàâíåíèåì Áþðãåðñà) â ñëåäóþùåì âèäå

∂u

∂t
+
∂(a(t, x)u)

∂x
= 0 (78)

â îáëàñòè Q = [0, T ]× [0, 1] ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x). (79)

Ïóñòü êîýôôèöèåíò a ïðè âñåõ t óäîâëåòâîðÿåò óñëîâèÿì

a(t, 0) = a(t, 1) = 0.

Â ýòîì ñëó÷àå êðàåâûå óñëîâèÿ íà ôóíêöèþ u çàäàâàòü íå íóæíî. Äàëåå áóäåì ïðåäïî-
ëàòü äîñòàòî÷íóþ ãëàäêîñòü êîýôôèöèåíòà a.

Çàïèøåì óðàâíåíèå (78) â âèäå

∂u

∂t
+

1

2

∂(a(t, x)u)

∂x
+
a(t, x)

2

∂u

∂x
+
a′(t, x)

2
u = 0. (80)
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ÍÅßÂÍÀß Ð.Ñ. Ñ ÖÅÍÒÐÀËÜÍÛÌÈ ÐÀÇÍÎÑÒßÌÈ

Äëÿ çàäà÷è (80),(79) ðàññìîòðèì ð.ñ.

vt,0 +
1

2
(âv̂)x,0 +

1

2
a′0v0 −

h

2

(
(av)xx̄,1 −

1

2
(av)xx̄,2

)
= 0,

vt +
1

2
(âv̂)0

x
+

1

2
âv̂0
x

+
1

2
a′v = 0, 0 < m < M,

vt,M +
1

2
(âv̂)x̄,M +

1

2
a′MvM +

h

2

(
(av)xx̄,M−1 −

1

2
(av)xx̄,M−2

)
= 0,

v0
m = u0(mh), 0 ≤ m ≤M.

(81)

Ïîèñê ðåøåíèÿ ýòîé ð.ñ. ïðèâîäèò ê íåîáõîäèìîñòè èñêàòü íà êàæäîì âðåìåííîì ñëîå
ðåøåíèå ÑËÀÓ, çàäàâàåìîé ñëåäóþùèìè óðàâíåíèÿìè

v̂0 +
τ

2h
â1v̂1 =

(
1− τ

2
a′0

)
v0 −

5τ

2h
a1v1 +

2τ

h
a2v2 −

τ

2h
a3v3,

− τ

4h
(âm−1 + âm) v̂m−1 + v̂m +

τ

4h
(âm+1 + âm) v̂m+1 =

(
1− τ

2
a′m

)
vm, 1 ≤ m ≤M,

v̂M −
τ

2h
âM−1v̂M−1 =

(
1− τ

2
a′M

)
vM +

5τ

2h
aM−1vM−1 −

2τ

h
aM−2vM−2 +

τ

2h
aM−3vM−3.

(82)
Ìàòðèöà A ýòîé ÑËÀÓ ÿâëÿåòñÿ ñóììîé äèàãîíàëüíîé ìàòðèöû A1 è äâóõäèàãîíàëü-

íîé êîñîñèììåòðè÷åñêîé ìàòðèöû A2. Ó ìàòðèöû A1 â ïåðâîé è ïîñëåäíåé ñòðîêàõ íà
äèàãîíàëè ñòîÿò ýëåìåíòû ðàâíûå 1/2, à îñòàëüíûå ýëåìåíòû äèàãîíàëè ðàâíû 1. Ïî-
ñêîëüêó â ñèëó êîñîñèììåòðè÷íîñòè (A2v, v) = 0, òî

(Av, v) = (A1v, v) > 0

äëÿ ëþáîé v 6= 0, ïîýòîìó ðåøåíèå ð.ñ. (81) âñåãäà ñóùåñòâóåò è åäèíñòâåííî. Íàéòè åãî
ìîæíî, èñïîëüçóÿ ìåòîä ïðîãîíêè.

Òî÷íîå ðåøåíèå çàäà÷è (80),(79) óäîâëåòâîðÿåò ð.ñ. â êàæäîé òî÷êå ñåòêè ñ íåêîòîðîé
íåâÿçêîé

ut,0 +
1

2
(âû)x,0 +

1

2
a′0u0 −

h

2

(
(au)xx̄,1 −

1

2
(au)xx̄,2

)
= ϕ0,

ut +
1

2
(âû)0

x
+

1

2
âû0

x
+

1

2
a′u = ϕm, 0 < m < M,

ut,M +
1

2
(âû)x̄,M +

1

2
a′MuM +

h

2

(
(au)xx̄,M−1 −

1

2
(au)xx̄,M−2

)
= ϕM .

Çíà÷åíèÿ íåâÿçêè ϕ â óçëàõ (ïîãðåøíîñòü àïïðîêñèìàöèè) ÿâëÿþòñÿ âåëè÷èíàìè ïîðÿä-
êà τ + h2 ïðè óñëîâèè, ÷òî u ∈ C2,3(Q).
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ÓÐÀÂÍÅÍÈß ÄËß ÎØÈÁÊÈ È ÅÅ ÎÖÅÍÊÀ Â ÍÎÐÌÅ L2

Îáîçíà÷èì ðàçíîñòü ìåæäó ðåøåíèåì ðàçíîñòíîé ñõåìû (81) è òî÷íûì ðåøåíèåì
çàäà÷è (80),(79) â óçëàõ ñåòêè ÷åðåç ôóíêöèþ w. Ôóíêöèÿ w ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

wt,0 +
1

2
(âŵ)x,0 +

1

2
a′0w0 −

h

2

(
(aw)xx̄,1 −

1

2
(aw)xx̄,2

)
= ϕ0,

wt +
1

2
(âŵ)0

x
+

1

2
âŵ0

x
+

1

2
a′w = ϕ, 0 < m < M,

wt,M +
1

2
(âŵ)x̄,M +

1

2
a′MwM +

h

2

(
(aw)xx̄,M−1 −

1

2
(aw)xx̄,M−2

)
= ϕM ,

w0 = 0.

(83)

Îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå äâóõ ôóíêöèé, çàäàííûõ íà ñåòêå ω̄h

[f, g]∗ =
h

2
(f0g0 + fMgM ) + h

M−1∑
m=1

fmgm.

Óìíîæàÿ óðàâíåíèÿ (83) ñêàëÿðíî íà ŵ, ïîëó÷èì

(Aŵ, ŵ) +
1

2
[ŵ, a′w]∗ − h2

4

((
(aw)xx̄,1 −

1

2
(aw)xx̄,2

)
ŵ0−

−
(

(aw)x̄,M−1 −
1

2
(aw)xx̄,M−2

)
ŵM

)
= [ŵ, ϕ]∗.

Èç ýòîãî òîæäåñòâà, ó÷èòûâàÿ ãëàäêîñòü è ðàâåíñòâî íóëþ íà ãðàíèöå îáëàñòè ôóíêöèè
a, à òàêæå êîñîñèììåòðè÷íîñòü îïåðàòîðà A2 (A = A1 +A2), ïîëó÷àåì íåðàâåíñòâî

(‖ŵ‖∗)2 − (‖w‖∗)2 ≤ τC((‖w‖∗)2 + (‖ŵ‖∗)2) +
τ

2
(‖ϕ‖∗)2 . (84)

Ïðèìåíèâ ê ïîñëåäíåìó íåðàâåíñòâó ëåììó Ãðîíóîëëà, ïîëó÷àåì îöåíêó

max
n=1,...,N

‖wn‖∗ ≤ eCT

√√√√τ N∑
n=1

(‖ϕ‖∗)2.
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ÎÖÅÍÊÀ ÄËß ÎØÈÁÊÈ Â ÍÎÐÌÅ W 1
2

Ïðîäèôôåðåíöèðóåì ðàçíîñòíûì îáðàçîì óðàâíåíèÿ äëÿ îøèáêè (83) ïî ïðîñòðàí-
ñòâåííîé ïåðåìåííîé

wtx,0 +
1

2h

(
(âŵ)0

x,1
− (âŵ)x,0

)
+

1

2h
â1ŵ0

x,1
+

1

2

(
a′w

)
x,0 +

h

2

(
(aw)xx̄,1 −

1

2
(aw)xx̄,2

)
= ϕx,0,

wtx +
1

2
(âŵ)0

xx
+

1

2

(
âŵ0

x

)
x

+
1

2

(
a′w

)
x = ϕx, 0 < m < M − 1,

wtx,M−1 +
1

2h

(
(âŵ)x,M−1 − (âŵ)0

x,M−1

)
− 1

2h
âM−1ŵ0

x,M−1
+

1

2

(
a′w

)
x,M−1 +

+
h

2

(
(aw)xx̄,M−1 −

1

2
(aw)xx̄,M−2

)
= ϕx,M−1.

(85)
Óòâåðæäåíèå. Çíà÷åíèÿ ϕx â óçëàõ ÿâëÿþòñÿ âåëè÷èíàìè ïîðÿäêà τ +h2 ïðè óñëî-

âèè, ÷òî {u, u′} ∈ C2,3(Q) è a ∈ C1,4(Q).
Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî óòâåðæäåíèÿ çàìå÷àíèÿ îñíîâûâàåòñÿ íà ñòàí-

äàðòíîé òåõíèêå èññëåäîâàíèÿ àïïðîêñèìàöèè â ñëó÷àå ãëàäêèõ ôóíêöèé. Â óçëàõ ñ
íîìåðàìè m = 0 è m = M − 2 ïîðÿäîê âåëè÷èí ϕx î÷åâèäåí. Äîêàæåì, ÷òî varphix,0
ÿâëÿåòñÿ âåëè÷èíîé ïîðÿäêà τ + h2. Ñíà÷àëà ðàñïèøåì âûðàæåíèå

ûx,0 − h(uxx̄,1 −
1

2
uxx̄,2) = û′0 +

h

2
û′′0 +

h2

6
û′′′0 +O(h3)−

−h(u′′1 −
1

2
u′′2 +O(h2)) = û′0 +

h

2
û′′0 +

h2

6
û′′′0 − h(u′′0 + hu′′′0 −

1

2
u′′0 − hu′′′0 ) +O(h3) =

= û′0 +
h2

6
û′′′0 +

hτ

2
u̇′′(nτ + ξτ, 0) +O(h3) = û′0 +

h2

6
û′′′0 +O(h3 + τh).

Èñïîëüçóÿ ïîëó÷åííûé ðåçóëüòàò, çàêëþ÷àåì

1

h

(
û0
x
− ûx,0 + h(uxx̄,1 −

1

2
uxx̄,2)

)
=

û′1 − û′0
h

+
h2

6

û′′′1 − û′′′0
h

+O(τ + h2) = û′′1/2 +O(τ + h2).

Â óçëå ñ íîìåðîì m = M − 1 äîêàçàòåëüñòâî óòâåðæäåíèÿ ïðîâîäèòñÿ àíàëîãè÷íî.
Äëÿ ïîëó÷åíèÿ îöåíêè îøèáêè â íîðìå W 1

2 óìíîæèì êàæäîå èç óðàâíåíèé (85) íà
ñîîòâåòñòâóþùåå hŵx è ïðîñóììèðóåì ïî m îò 0 äî M − 1. Â ðåçóëüòàòå ïîëó÷èì òîæ-
äåñòâî

[ŵx, wtx) +
ŵx,0

2

(
(âŵ)0

x,1
− (âŵ)x,0 + â1ŵ0

x,1

)
+

+
hŵx,0

2

((
a′w

)
x,0 + h

(
(aw)xx̄,1 −

1

2
(aw)xx̄,2

))
+

+
1

2
(ŵx, (âŵ)0

xx
[+

1

2
(ŵx,

(
âŵ0

x

)
x

[+
1

2
(ŵx,

(
a′w

)
x [+

+
ŵx,M−1

2

(
(âŵ)x,M−1 − (âŵ)0

x,M−1
− âM−1ŵ0

x,M−1

)
+

+
hŵx,M−1

2

((
a′w

)
x,M−1 + h

(
(aw)xx̄,M−1 −

1

2
(aw)xx̄,M−2

))
= [ŵx, ϕ).

(86)
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Ëåììà. Äëÿ ëþáûõ ñåòî÷íûõ ôóíêöèé W , V è a ïðè óñëîâèè, ÷òî a0 = aM = 0
âåðíû íåðàâåíñòâà ∣∣∣(WxW

x
0
x
, a+1

[∣∣∣ ≤ ‖ax‖C |[Wx‖2 ,∣∣∣∣Wx,0

2h

(
(aW )0

x,1
− (aW )x,0

)
+
Wx,0

2h
a1W0

x,1
+

+
Wx,M−1

2h

(
(aW )0

x,M−1
− (aW )x,M−1

)
+
Wx,M−1

2h
aM−1W0

x,M−1

∣∣∣∣ ≤
≤ 2 ‖ax‖C |[Wx‖2 ,∣∣∣∣Wx,0

2

(
a′V

)
x,0 +

Wx,0

2

(
(aV )xx̄,1 −

1

2
(aV )xx̄,2

)
+

+
Wx,M−1

2

(
a′V

)
x,M−1 +

Wx,M−1

2

(
(aV )xx̄,M−1 −

1

2
(aV )xx̄,M−2

)∣∣∣∣ ≤
≤ C |[Wx‖ (‖a′‖C + ‖ax‖C) |[Vx‖ + ((‖a′x‖C + ‖axx̄‖C) |[V ]|) .

(87)

Äîêàçàòåëüñòâî. Äîêàæåì ïåðâîå íåðàâåíñòâî(
WxW

x
0
x
, a+1

[
=

1

2
(Wx,1Wx,2a2 −Wx,1Wx,0a2 +Wx,2Wx,3a3 −Wx,2Wx,1a3 + . . .+

+ Wx,M−2Wx,M−1aM−1 −Wx,M−2Wx,M−3aM−1) =

= −h
2

(Wx,1Wx,0(ax,0 + ax,1) +Wx,1Wx,2ax,2+

+Wx,2Wx,3ax,3 + . . .+ Wx,M−3Wx,M−2ax,M−2 +Wx,M−2Wx,M−1ax,M−1) ≤ ‖ax‖C |[Wx‖2 .

Äâà îñòàâøèõñÿ íåðàâåíñòâà äîêàçûâàþòñÿ àíàëîãè÷íî.

Èñïîëüçóÿ ëåììó è ñòàíäàðòíóþ òåõíèêó ïðåîáðàçîâàíèÿ è îöåíêè ðàçíîñòíûõ âû-
ðàæåíèé, èç òîæäåñòâà (86) ïîëó÷àåì

|[ŵx‖2 − |[wx‖2 ≤ τC

((
‖w‖12

)2
+
(
‖ŵ‖12

)2
)

+ |[ϕx‖2.

Ñóììèðóÿ ïîñëåäíåå íåðàâåíñòâî ñ íåðàâåíñòâîì (84) èìååì(
‖ŵ‖12

)2
−
(
‖w‖12

)2
≤ τC

((
‖w‖12

)2
+
(
‖ŵ‖12

)2
)

+
(
‖ϕ‖12

)2
. (88)

Ïîä÷åðêíåì, ÷òî âåëè÷èíà C çàâèñèò ëèøü îò íîðìû êîýôôèöåíòà a â ïðîñòðàíñòâå
C0,2(Q).

Èç íåðàâåíñòâà (88), èñïîëüçóÿ ðàçíîñòíóþ ëåììó Ãðîíóîëëà, ïîëó÷àåì

max
n=1,...,N

‖wn‖12 ≤ eCT

√√√√τ N∑
n=1

(
‖ϕ‖12

)2
. (89)

Èç íåðàâåíñòâà (89), âîñïîëüçîâàâøèñü òåîðåìîé âëîæåíèÿ (4) ‖w‖C ≤ C(X)‖w‖12,
èìååì îöåíêó äëÿ îøèáêè â íåïðåðûâíîé íîðìå.
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ÑÕÅÌÀ À.Ã.ÑÎÊÎËÎÂÀ

Íåèçâåñòíàÿ ôóíêöèÿ v, çàäàííàÿ â óçëàõ ñåòêè ω1/2
h , èùåòñÿ ïî ñõåìå, àïïðîêñèìè-

ðóþùåé óðàâíåíèå ïåðåíîñà â äèâåðãåíòíîé ôîðìå (78)

vt + (σ{v̂, a}a)x = 0, 0 ≤ m < M, n ≥ 0. (90)

Èçâåñòíàÿ ôóíêöèÿ a çàäàåòñÿ â óçëàõ ñåòêè ωh, ïðè÷åì a0 = aM = 0. Â ôîðìóëå (90)
áûëè èñïîëüçîâàíû îáîçíà÷åíèÿ

σ{v, a} = v
|a| − a

2|a|
+ v(−1) |a|+ a

2|a|
=

{
v, åñëè a < 0,

v(−1), åñëè a ≥ 0,
(91)

Ðàçíîñòíîå óðàâíåíèå (90) â èíäåêñàõ èìååò âèä (ñ÷èòàåì, ÷òî ôóíêöèÿ v̂ äîîïðåäå-
ëåíà íóëåì ïðè m = −1 è m = M)

vn+1
m − vnm

τ
+

+
(anm+1 − |anm+1|)vn+1

m+1 + (anm+1 + |anm+1| − anm + |anm|)vn+1
m − (anm + |anm|)vn+1

m−1

2h
= 0,

0 ≤ m < M, n ≥ 0.

(92)

Ïðèâåäåì åùå îäíó çàïèñü óðàâíåíèÿ (90), ãäå ðàçíîñòíûå óðàâíåíèÿ âûïèñàíû â
çàâèñèìîñòè îò çíàêîâ ôóíêöèè a â óçëàõ øàáëîíà
Èòàê, åñëè am+1 ≥ 0 è am ≥ 0, èìååì

vt + (a(+1)v)x̄ = 0.

Åñëè am+1 < 0 è am < 0, èìååì
vt + (av)x = 0.

Åñëè am+1 ≥ 0 è am ≤ 0, èìååì
vt + axv = 0.

Åñëè am+1 < 0 è am > 0, èìååì

vt +
am+1vm+1 − amvm−1

h
= 0.

Ìàòðèöà ñåòî÷íîãî îïåðàòîðà Av̂ = (σ{v̂, a}a)x

1

2h


a1 + |a1| a1 − |a1| 0 . . . 0
−a1 − |a1| a2 + |a2| − a1 + |a1| a2 − |a2| 0 . . .

0 −a2 − |a2| a3 + |a3| − a2 + |a2| a3 − |a3| 0
. . . . . . . . . . . . . . .


èìååò ñëåäóþùèå ñâîéñòâà: íà äèàãîíàëè ñòîÿò íåîòðèöàòåëüíûå ÷èñëà, âíå äèàãîíàëè
íåïîëîæèòåëüíûå ÷èñëà; ñóììà ýëåìïåíòîâ ïî ñòîëáöó ðàâíà íóëþ. Ìàòðèöà ÿâëÿåòñÿ
òðåõäèàãîíàëüíîé, ïðè÷åì åñëè äëÿ êàêîãî-íèáóäü i Ai,i+1 6= 0, òî Ai+1,i = 0. Äðóãèìè
ñëîâàìè ãîâîðÿ, åñëè â êàêîì-òî ñòîëáöå ñ íîìåðîì i åñòü òðè íåíóëåâûõ ýëåìåíòà, òî â
i-òîé ñòðîêå íåíóëåâûì áóäåò òîëüêî äèàãîíàëüíûé ýëåìåíò.
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Ðàññìîòðèì ìàòðèöó B = (E+ τA)∗. Ó íåå ïî äèàãîíàëè ñòîÿò íåîòðèöàòåëüíûå ÷èñ-
ëà, âíå äèàãîíàëè � íåïîëîæèòåëüíûå ÷èñëà. Çà ñ÷åò åäèíè÷íîé ìàòðèöû âûïîëíÿåòñÿ
óñëîâèå ñòðîãî äèàãîíàëüíîãî ïðåîáëàäàíèÿ. Äëÿ òàêèõ ìàòðèö ìåòîä ßêîáè ñõîäèòñÿ
ñ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ. Ïóñòü ÑËÀÓ Bx = b ðåøàåòñÿ ìåòîäîì ßêîáè ñ
íà÷àëüíûì ïðèáëèæåíèåì x0 = 0 è âåêòîðîì ïðàâîé ÷àñòè b, ñîñòîÿùèì èç íåîòðèöà-
òåëüíûõ ÷èñåë. Èç âû÷èñëèòåëüíîé ñõåìû ìåòîäà ßêîáè

x̂m =
1

Bm,m

bm − M∑
k=1,k 6=m

Bm,kxk

 , m = 1, 2, . . .M

ñëåäóåò, ÷òî x̂m ≥ 0 äëÿ âñåõ m = 1, 2, . . . ,M íà ëþáîé èòåðàöèè. Ïîýòîìó ïðåäåëüíûé
âåêòîð òîæå áóäåò íåîòðèöàòåëüíûì. Òàêèì îáðàçîì, äëÿ ëþáîãî íåîòðèöàòåëüíîãî âåê-
òîðà b âåêòîð B−1b áóäåò íåîòðèöàòåëüíûì. Îòñþäà ñëåäóåò, ÷òî ìàòðèöà B−1 ñîñòîèò
èç íåîòðèöàòåëüíûõ ÷èñåë. Ñëåäîâàòåëüíî ìàòðèöà (E + τA)−1 =

(
B−1

)∗ ñóùåñòâóåò è
ñîñòîèò èç íåîòðèöàòåëüíûõ ÷èñåë.

Ñëåäñòâèå. Ðàçíîñòíàÿ ñõåìà Ñîêîëîâà ìîíîòîííà.

Òåîðåìà. Ðàçíîñòíàÿ ñõåìà Ñîêîëîâà (90) äëÿ óðàâíåíèÿ ïåðåíîñà ñ ëþáîé çàäàííîé
ñåòî÷íîé ôóíêöèåé a0 = aM = 0 èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì åñëè v0 ≥ 0, òî è
vn ≥ 0 äëÿ âñåõ n. Ðàçíîñòíàÿ ñõåìà ÿâëÿåòñÿ êîíñåðâàòèâíîé, ò.å.

M−1∑
m=0

hvnm =
M−1∑
m=0

hv0
m.
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ËÈÍÅÉÍÎÅ ÓÐÀÂÍÅÍÈÅ ÁÞÐÃÅÐÑÀ Ñ ÂßÇÊÎÑÒÜÞ

Ëèíåéíîå óðàâíåíèå Áþðãåðñà ñ âÿçêîñòüþ ÿâëÿåòñÿ ïðîñòåéøèì ïðåäñòàâèòåëåì
óðàâíåíèé, êîòîðûõ ó÷èòûâàþòñÿ êàê êîíâåêòèâíûå, òàê è äèññèïàòèâíûå ïðîöåññû

∂u

∂t
+
∂(a(t, x)u)

∂x
= µ

∂2u

∂x2
. (93)

Óðàâíåíèå áóäåì ðàññìàòðèâàòü â îáëàñòè Q = [0, T ]× [0, 1] ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x) (94)

è ïðîñòåéøèìè ãðàíè÷íûìè óñëîâèÿìè

u(t, 0) = ul(t), u(t, 1) = ur(t). (95)

Äëÿ ðåøåíèÿ çàäà÷è (93)-(95) ðàññìîòðèì ðàçíîñòíóþ ñõåìó

vt +
1

2
(âv̂)0

x
+

1

2
âv̂0
x

+
1

2
a0
x
v = µv̂xx̄, 0 < m < M,

v̂0 = ul((n+ 1)τ), v̂M = ur((n+ 1)τ),

v0
m = u0(mh), 0 ≤ m ≤M.

(96)

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ðàçíîñòíîé ñõåìû (96) íà êàæäîì âðåìåííîì ñëîå òðåáóåòñÿ
ðåøàòü ÑËÀÓ

Av̂ = b,

ãäå A = E +
τ

4h
A1 +

τµ

h2
A2.

Ìàòðèöà A1 êîñîñèììåòðè÷íàÿ

A1 =


0 â1 + â2 0 . . . 0

−â1 − â2 0 â2 + â3 0 . . .
0 −â2 − â3 0 â3 + â4 0
. . . . . . . . . . . . . . .

 .
Ñèììåòðè÷íàÿ òðåõäèàãîíàëüíàÿ ìàòðèöà A2 � ìàòðèöà âòîðîé ðàçíîñòíîé ïðîèçâîä-
íîé, ïî äèàãîíàëè êîòîðîé ñòîÿò 2, à íà äâóõ ïîáî÷íûõ � -1. Ïîýòîìó

(Av, v) = (v, v) +
τ

4h
(A1v, v) +

τµ

h2
(A2v, v) ≥ ‖v‖2.

Ñëåäîâàòåëüíî, ìàòðèöàA ÿâëÿåòñÿ íåâûðîæäåííîé è ðàçíîñòíàÿ ñõåìà (96) âñåãäà èìååò
ðåøåíèå.

Âåêòîð ïðàâîé ÷àñòè b çàäàåòñÿ ñëåäóþùèì îáðàçîì

v1 −
τ

2
a0
x,1
v1 +

τ

4h
(â0 + â1)ûl

. . .

vm −
τ

2
a0
x,m

vm

. . .

vM−1 −
τ

2
a0
x,M−1

v1 +
τ

4h
(âM−1 + âM )ûr



44



ÎÖÅÍÊÀ ÎØÈÁÊÈ Â ÍÎÐÌÅ L2

Îáîçíà÷èì ðàçíîñòü ìåæäó ðåøåíèåì ðàçíîñòíîé ñõåìû (96) è òî÷íûì ðåøåíèåì
çàäà÷è (93)-(95) â óçëàõ ñåòêè ÷åðåç ôóíêöèþ w. Ôóíêöèÿ w ÿâëÿåòñÿ ðåøåíèåì çàäà÷è

wt +
1

2
(âŵ)0

x
+

1

2
âŵ0

x
+

1

2
a0
x
w = µwxx̄ + ϕ, 0 < m < M,

ŵ0 = 0, ŵM = 0,

w0 = 0.

(97)

Óìíîæèâ ýòè óðàâíåíèÿ ñêàëÿðíî íà ŵ, ïîëó÷àåì

(ŵ, wt) +
1

2
(ŵ, (âŵ)0

x
+ âŵ0

x
) +

1

2
(ŵ, a0

x
w) = µ(ŵ, ŵxx̄) + (ŵ, ϕ). (98)

Êàæäîå èç ñëàãàåìûõ òîæäåñòâà (98) îöåíèì íóæíûì íàì îáðàçîì

(ŵ, wt) =

(
ŵ + w

2
, wt

)
+
τ

2
(wt, wt) =

1

2τ
‖ŵ‖2 − 1

2τ
‖w‖2 +

τ

2
‖wt‖2,

(ŵ, (âŵ)0
x

+ âŵ0
x
) = 0,

(ŵ, a0
x
w) ≤ ‖a′‖C‖ŵ‖‖w‖ ≤

‖a′‖C
2

(‖ŵ‖2 + ‖w‖2),

(ŵ, ŵxx̄) = −|[ŵx‖2,

(ŵ, ϕ) ≤ 1

2
(‖ϕ‖2 + ‖ŵ‖2).

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (98) ïîëó÷àåì íåðàâåíñòâî

‖ŵ‖2 + 2τµ|[ŵx‖2 − ‖w‖2 ≤ τC(‖w‖2 + ‖ŵ‖2) + τ‖ϕ‖2. (99)

Ïðèìåíèâ ê ïîñëåäíåìó íåðàâåíñòâó ëåììó Ãðîíóîëëà, ïîëó÷àåì îöåíêó

max
n=1,...,N

√
‖wn‖2 + 2τµ|[wnx‖2 ≤ eCT

√√√√τ N∑
n=1

‖ϕ‖2.
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ÎÖÅÍÊÀ ÎØÈÁÊÈ Â ÍÎÐÌÅ W 1
2

Óìíîæèâ óðàâíåíèÿ (98) ñêàëÿðíî íà ŵxx̄, ïîëó÷àåì

(ŵxx̄, wt) +
1

2
(ŵxx̄, (âŵ)0

x
+ âŵ0

x
) +

1

2
(ŵxx̄, a0

x
w) = µ(ŵxx̄, ŵxx̄) + (ŵxx̄, ϕ). (100)

Êàæäîå èç ñëàãàåìûõ òîæäåñòâà (100) îöåíèì íóæíûì íàì îáðàçîì

−(ŵxx̄, wt) = [ŵx, wxt) ≤
1

2τ
|[ŵx‖2 −

1

2τ
|[wx‖2,

|(ŵxx̄, (âŵ)0
x
)| ≤ ‖ŵxx̄‖

(
‖a‖C |[ŵx‖+ ‖a′‖C‖ŵx‖

)
≤

≤ ε‖ŵxx̄‖2 +
1

4ε

(
‖a‖C |[ŵx‖+ ‖a′‖C‖ŵx‖

)2
,

(ŵxx̄, âŵ0
x
) ≤ ε‖ŵxx̄‖2 +

1

4ε
‖a‖2C |[ŵx‖2,

(ŵxx̄, a0
x
w) ≤ ‖a′‖C‖ŵxx̄‖‖w‖ ≤ ε‖ŵxx̄‖2 +

1

4ε
‖a′‖2C‖w‖2,

(ŵxx̄, ϕ) ≤ ε‖ŵxx̄‖2 +
1

4ε
‖ϕ‖2.

Ñ ïîìîùüþ ýòèõ íåðàâåíñòâ èç òîæäåñòâà (100) ïîëó÷àåì íåðàâåíñòâî

|[ŵx‖2 + τµ|[ŵxx̄‖2 − |[wx‖2 ≤ τC(‖w‖2 + ‖ŵ‖2 + |[ŵx‖2) +
τ

µ
‖ϕ‖2. (101)

Ñëîæèâ íåðàâåíñòâà (98) è (100), ïîëó÷àåì(
‖ŵx‖12

)2
+ τµ|[ŵxx̄‖2 −

(
‖[wx‖12

)2
≤ τC

((
‖w‖12

)2
+
(
‖ŵ‖12

)2
)

+ τ

(
1

µ
+ 1

)
‖ϕ‖2. (102)

Ïðèìåíèâ ê ïîñëåäíåìó íåðàâåíñòâó ëåììó Ãðîíóîëëà, ïîëó÷àåì îöåíêó

max
n=1,...,N

√(
‖wn‖12

)2
+ τµ‖wnxx̄‖2 ≤ eCT

√√√√τ ( 1

µ
+ 1

) N∑
n=1

‖ϕ‖2.
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ÓÐÀÂÍÅÍÈÅ ÒÅÏËÎÏÐÎÂÎÄÍÎÑÒÈ Ñ ÏÅÐÅÌÅÍÍÛÌ ÊÎÝÔÔÈÖÈÅÍÒÎÌ

Óðàâíåíèå òåïëîïðîâîäíîñòè ñ ïåðåìåííûì êîýôôèöèåíòîì ÿâëÿåòñÿ ìîäåëüíûì êàê
äëÿ ïðîöåññîâ, äëÿ êîòîðûõ ýòîò êîýôôèöèåíò çàâèñèò îò òåðìîäèíàìè÷åñêèõ ïàðàìåò-
ðîâ ïî èçâåñòíîìó çàêîíó, òàê è äëÿ íåêîòîðûõ �èñêóññòâåííûõ� ñëó÷àåâ çàïèñè óðàâíå-
íèé ñ öåëüþ ïîñòðîèòü ÷èñëåííûé ìåòîä ðåøåíèÿ, îáëàäàþùèé íóæíûìè ñâîéñòâàìè.
×òîáû íå âûõîäèòü çà ðàìêè òåìû ëåêöèè ïðî ëèíåéíûå óðàâíåíèÿ áóäåì ñ÷èòàòü, ÷òî
êîýôôèöèåíò òåïëîïðîâîäíîñòè ÿâëÿåòñÿ çàäàííîé ôóíêöèåé îò êîîðäèíàò t è x, îáëàäà-
åò íåîáõîäèìîé ãëàäêîñòüþ è ïðèíèìàåò ïîëîæèòåëüíûå çíà÷åíèÿ, îòäåëåííûå îò íóëÿ
âåëè÷èíîé δµ.

∂u

∂t
=

∂

∂x

(
µ(t, x)

∂u

∂x

)
. (103)

Óðàâíåíèå áóäåì ðàññìàòðèâàòü â îáëàñòè Q = [0, T ]× [0, 1] ñ íà÷àëüíûì óñëîâèåì

u(0, x) = u0(x) (104)

è ïðîñòåéøèìè ãðàíè÷íûìè óñëîâèÿìè

u(t, 0) = ul(t), u(t, 1) = ur(t). (105)

Äëÿ ðåøåíèÿ çàäà÷è (103)-(105) ðàññìîòðèì ðàçíîñòíóþ ñõåìó

vt = µ̃v̂xx̄ + ((µ+1/2 − µ̃)vx)x̄, 0 < m < M,

v̂0 = ul((n+ 1)τ), v̂M = ur((n+ 1)τ),

v0
m = u0(mh), 0 ≤ m ≤M,

(106)

ãäå µ̃n =
M−1
max
m=0

µ(nτ, (m + 1/2)h). Â óðàâíåíèè (106) îáîçíà÷åíèå µ+1/2 îçíà÷àåò, ÷òî

çíà÷åíèå êîýôôèöèåíòà áåðåòñÿ â òî÷êå (nτ, (m+ 1/2)h).
ÓÒÂÅÐÆÄÅÍÈÅ. Ðåøåíèå ðàçíîñòíîé ñõåìû (106) ñóùåñòâóåò è åäèíñòâåííî. Ïî-

ðÿäîê àïïðîêñèìàöèè íà ãëàäêèõ ðåøåíèÿõ çàäà÷è (103)-(105) u ∈ C2,4(Q) ðàâåí τ + h2.
ÇÀÌÅ×ÀÍÈÅ. Ðàçíîñòíàÿ ñõåìà (106) èñïîëüçóåò çíà÷åíèå êîýôôèöèåíòà òåïëî-

ïðîâîäíîñòè ñ íèæíåãî âðåìåííîãî ñëîÿ. Â ñëó÷àå íåëèíåéíûõ çàäà÷, êîãäà µ çàâèñèò îò
ðåøåíèÿ, òàêîé ñïîñîá àïïðîêñèìàöèè íå âñåãäà ÿâëÿåòñÿ ïðàâèëüíûì. Áûâàåò òàê, ÷òî
çíà÷åíèÿ µ íåîáõîäèìî áðàòü ñ âåðõíåãî âðåìåííîãî ñëîÿ.
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Âûïèøåì óðàâíåíèå äëÿ îøèáêè ðåøåíèÿ ñõåìû (106)

wt = µ̃ŵxx̄ + ((µ+1/2 − µ̃)wx)x̄ + ϕ, 0 < m < M,

ŵ0 = 0, ŵM = 0,

w0
m = 0, 0 ≤ m ≤M,

(107)

ãäå ϕ � íåâÿçêà, ñ êîòîðîé óäîâëåòâîðÿåò òî÷íîå ðåøåíèå çàäà÷è (103)-(105) óðàâíåíèÿì
ðàçíîñòíîé ñõåìû (106).

Óìíîæèâ ñêàëÿðíî ýòî óðàâíåíèå íà ŵ, ïîñëå ñòàíäàðòíûõ ïðåîáðàçîâàíèé ïîëó÷àåì
íåðàâåíñòâî

‖ŵ‖2 − ‖w‖2 + τ(µ̃− δµ)(|[ŵx‖2 − |[wx‖2) + 2τδµ|[ŵx‖2 ≤ τ‖ŵ‖2 + τ‖ϕ‖2. (108)

Ïðè ïîëó÷åíèè íåðàâåíñòâà (108) áûëà èñïîëüçîâàíà öåïî÷êà íåðàâåíñòâ

| [ŵx, (µ− µ̃)wx) | ≤ ‖µ̃− µ‖C |[ŵx‖|[wx‖ ≤
µ̃− δµ

2
(|[ŵx‖2 + |[wx‖2).

Äàëåå, èñïîëüçóÿ ðàçíîñòíóþ ëåììó Ãðîíóîëëà, èç íåðàâåíñòâà (108) ïîëó÷àåì îöåí-
êó äëÿ ïîãðåøíîñòè â íîðìå L2.

max
n=1,...,N

√
‖wn‖2 + τ(µ̃− δµ)|[wnx‖2 ≤ eT

√√√√τ N∑
n=1

‖ϕ‖2.

Çàìå÷àíèå. Ñëàãàåìîå 2τδµ|[ŵx‖2 ìîæåò áûòü èñïîëüçîâàíî äëÿ îöåíêè ïîãðåøíîñòè
ðåøåíèé áîëåå ñëîæíûõ óðàâíåíèé, êàê ýòî áûëî ñäåëàíî âûøå äëÿ ëèíåéíîãî óðàâíåíèÿ
Áþðãåðñà.

Àíàëîãè÷íî, óìíîæàÿ óðàâíåíèå (107) ñêàëÿðíî íà ŵxx̄, ìîæíî ïîëó÷èòü îöåíêè â
íîðìå W 1

2 .
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